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BBenenue

Mamemamuueckas cmamucmuKka — pasjiel MaTeMaTHKH, KOTOPbIHA TOCBSILLEH METOAaM
00pabOTKK Pe3yJIbTATOB PeasbHbIX CTOXACTHUECKHUX IKCMEPHUMEHTOB. MaremMaTnuecKkast CTaTHCTH-
Ka TECHO CBsI3aHa C TEOPHEH BEPOSITHOCTEH, TOCKOJIbKY TaKXKe HMEET JIEJI0 CO CTOXACTHUECKUM IKC-
nepuMenToM. OJIHAKO MaTeMaTHUeCKasl CTaTHCTHKA 3aHUMAeTCsl B M3BECTHOM CMbICJIe 0OPaTHBIMH
3aJlauaMu TEOpHH BeposiTHOCTel. Kak HaMm Xopoliio H3BeCTHO, B TEOPUH BEPOSITHOCTEH HCXOIHBIM
06'beKTOM ObLJI0 BEPOSITHOCTHOE TpocTpaHcTBO (€2, F, P), 1 Mbl MOIJIM TOBOPHTbL O BEPOSITHOCTSIX
MOSIBJICHUS] T€X MM MHBIX COOBITHH, CBA3AHHDBIX, CKAXKEM, C [10CJEI0BATENbHOCTbIO HE3aBUCHMbIX
WCIbITaHKiH. B TO »Ke BpeMst, HCXOAHbIMH JaHHBIMU B MATEMATHUECKON CTATUCTHKE SIBJISTIOTCST KOHEU -
Hble HaGOPBI PE3YJILTATOB Y2Ke MPOBEJEHHBIX B OJIHUX H TEX YK€ YCJOBHSIX CTOXACTHUECKUX IKCITe-
PUMEHTOB (CTaJI0 ObITh, HE3ABUCHUMbBIX H OJIUHAKOBO pacripefieieHHbIX) 1 = &1 (w),..., T = &u(w),
rJle w — HEKOTOPBIE 3J1eMeHTapHbIH HCXOJI BEPOSITHOCTHOTO MPOCTPAaHCTBA {2, OMUCHIBAIOLIETrO BCIO
CepHI0 MPOBOJAUMbBIX HCIBITAHKE, a BEJIHUUHBI 2; MOTYT IPUHUMATh 3HAYEHHS B JIIOOOM M3MEPHMOM
npoctpanctBe X. [1pu stom pacnpedesenue omoervrnoeo skcnepumenma P(A) = P(& € A)
npeonosaeaemcs Heu38ecnHblm YaCMuYHO WAL NOAHOCIbIO. 3a1aua MaTeMaTHUeCKOH CTaTH-
CTHKH KaK pa3 U COCTOMT B BOCCTAHOBJIEHHH (HJIH OLleHKe) pacrpeiesieHnsi P(+) Kak MOKHO GoJiee
TOYHO.

Kypc coCTOHT U3 JIBYX pa3/IeJioB:

1. Teopus nocTpoeHUsi OLEHOK HEU3BECTHBIX NapaMeTPOB HA0J110JaeMbIX paClpeie/IeHUH.
2. TlpoBepka cTaTUCTHUECKHX THIIOTE3.

Onpepeaenue. Bekrop X = (21, ..., x,) Ha3blBaeTCs 86LOOPKOL 00DEMA N U3 HEUZBECIHO-
2o pacnpedeaerus. lekaptoBa crenedb X" ¢ COOTBETCTBYIOLIEH o -aareOpOH MOJIMHOKECTB Ha-
3bIBAETCS BLOOPOUHBIM NPOCMPAHCIIBOM.

3ameuanue. Kak Mbl BUIUM, C OJIHOH CTOPOHBI, BbIGOPKA — HeCAY4atiHbLll BEKTOP

X = (33'1, B 7$n) = (gl(w)a s 75ﬂ(w))7

MPEeACTABJSIIOUIMHA COG0H OOBIUHYIO 1n-KY UHCE] UM 3JIEMEHTOB GoJiee CJI0KHOM npupojibl. [ToBTop-
HO NPOBeJIsl 1 pa3 SKCIEPUMEHT B TeX Ke YCJI0BHsIX, ToJyurM HoBble 3Hauenust (& (w'), ..., & (w')),
JUISl KOTOPBIX, BooO1e roBops, &(w') # &(w) xota 6bl npu oanoM i. Tak uto ecan Hac GyayT
MHTEPECOBATh BCEBO3MOXKHbIE 3HAUEHHS] BLIOOPOUHOrO BEKTOpA U MX pacrpejiesieHue (ecau UMeTh
B BUJly MHOTOKpATHble CEpHH OJHUX M TeX XK€ HCIbITAaHHil), TO BIGOPKY X OyJeM HHTEeprpeTH-
pOBaTh KaK n-mMepHouLil CAY4aliHbLlL BEKMOP ¢ HE3ABUCUMBIMU OOUHAKOBO pacnpedeseHHblmu
koopounamamu. [Ipu 3TOM, c/eiysi TpauLIMH MATEMATHUECKOH CTATHCTHKH, B 3TOM CJIydae Mbl
OCTaBHUM TpexxHee o603HAUeHHe W ISl CIyyaiiHoro BbIGOpouHoro Bekropa. Tak uTo 3amuch THrna
Pz, € Ay,...,z, € A,) He IOJ2KHA IPUBOJUTD K HEOPA3YMEHHUIO.

CTOHUT TaK»Ke OTMETHTD, UTO 0 GOJIBLIOMY CUETY CYTh BCEX CTATHCTHUECKHUX MPOLLELYP CBOJIUTCS
K TIOUCKY “TIOUTH IOCTOBEPHBIX HU3MEPUMBIX MTOJIMHOKECTB B BLIOOPOUHOM MPOCTPAHCTBE, T. €. T0/1-
MHOKECTB, B KOTOPbIe BBIGOPOUHbIH BeKTOp X ToMnaaaeT ¢ BEPOSTHOCTbIO, 6sin3Ko# K 1. [1pu 3T0oM
NIPUMEHSIETCS] OCHOBHOU NPUHYUN CMAMUCMIKY: UMEIOLasicsl B BallleM PACTIOPSKEHUH “Hec Ty -

yatiHasi” BbIOOpKA (1, ..., T, ) HABEPHAKA HAXOAUTCS UIMEHHO B 3TOM MOJAMHOYKECTBE.
Onpepeaenue. Iunupuueckoe pacnpedenerue, n0cmpoerHoe no gelbopke obvema n:
#{x;|x, € A
py(a) = ol EA)
n

Jlerko Buneth, uto P — nuckpeTHasi BeposiTHOCTHAsE Mepa ¢ aToMaMu B Toukax {z;; ¢ < n}.



Onpenenenue. Botbopourotl xapakmepucmuKkoi Ha3biBaeTCs U3MePUMbIH k-MepHbIH (TPH-
HUMAaIOLLMI 3HaueHust B poctpancTee R¥) dynkumonas G(P*)
MMpumep. G(P}) f f(z) P (dx) — BoiGOpouHbIf MOMEHT “niopsizika f7, rie f(x) — ckanspHas

n
usmepumasi pyrkuust. Ouenaro, G(Pr) = L3 f(x;). B matemarnueckoil cratucTike st 3T0ii

BeJIMUHHBI HCToJIb3yeTest o6o3nauenue f(x). [lyets X = R. Ecam f(x) = 2*, 10 roBopsit 0 k-on

goloopourom momerme. I1py 3TOM T TpaIMLIMOHHO HA3bIBAIOT B86LOOPOUHBIM CPEOHUM.
[IpuBenem elle napy npuMepos:

Gl(Pq*m) = gl(fl(x)v SR fk(x)7f)v G2(P1*1) = gQ(fl(x) - fQ(E)%

rae g;(+) u f;(t) — npousBo/ibHble H3MepHUMble (DYHKLMH, 3aJaHHble HAa COOTBETCTBYIOLIMX MPO-
ctpaHcTBax. CKaxkeM, 8blOOpoOUHbLe yernmpaivHole momernmol (x — T)*, B uacTHOCTH, 86LOOPOU-
n

nas ducnepcus S* = 1 3" (x; — T)? = 22 — (T)? UMEIOT KaK pas yKasaHHyIO CTPYKTYDY.
=1

[loHsATMEe HEeU3BECTHOrO NMNapameTpa.

Onpepeaenue. [lapamempon Hab/1101aeMOT0 pacrpee/eH sl Ha3blBaeTCsl 3HaY€HHe TOro HJIH
MHOTO (PYHKIMOHAJA OT 3Toro pacnpeneenus: § = G(P,,) € R¥, e P,, (A) = P(z; € A).

Onpeneaenue. [lapamempuueckoe cemeticmso pacnpedeseruti {Py}gco — 3T0 Kacc pac-
npeJesieHUi U3BECTHOH (PYHKIMOHAJBHOH (hOPMbI, COlepKallel OJIMH MJIK HECKOJIbKO CKaJISIPHBIX
napameTpos. [Ipu 3ToM MHOKeCTBO O Ha3bIBAETCS nAPAMEMPULECKUM.

$IcHo, uTo 1B 3TH ONpesie/ieHust TeCHO CBsI3aHbl MexK1y COOOM.

[Mpumepsl. {m)}1>0 — CeMeNCTBO MyacCOHOBCKHUX pacripejiesienuii ¢ napamerpom 6 = \. [ljs
3TOro cemeiictBa A = Exy — uHTerpasbHblil hyHKIIMOHAJ OT HAabJII0]aeMOro pacrpesieaenns. AHa-
JIOTUUHBIE MPEJICTABICHUA UMEIOT MECTO VISl TapaMeTPOB HOPMAJILHOTO pacnpeeseHus. KBantumib
nopsijika t HeM3BECTHOTO pacripesiesienus F' npu o6om pukcrupoBanHoM t € [0, 1] Takke siByisieTCs
NPUMEPOM TaKoro BUaa (PyHKIIHOHAJIOB.

Onpeneaenue. Oyenka 0 = 0%(xq,...,x,) Heudsecmuoeo napamempa 6 — 31o BbIGOPOU-
Hast xapakrepuctuka 0 = G(P7), kotopasi B TOM WM HHOM CMbICJIe TPUOJIMKAET HEM3BECTHBIN
napamerp 6.

Onpepneaenue. Ouenka 0 HasblBaeTcs cocmosameavrou, ecau 0, ~ 0 npun — oo.

Onpepneaenue. OueHka 0 Ha3bIBACTCS CUALHO COCMOAMEAbHOU, eClH 0] — 6" npu n—o0.

3ameuanue. [Tycth X°° — npocTpaHCTBO MOC/AEI0BATENLHOCTEH (X1, T, . . ) a Xoo — BbIOOp-
ka 6eckoHeyHoro o6bema. byjiem cunrarth, uto BekTop X, MoJiyueH B pedyJ/bTaTe NPOeKTHPOBAHUS
X Ha nepBble n KoopAUHAT. CXOAMMOCTb [TOUYTH HaBEPHOE MTOHUMAETCs OTHOCHTEJIbHO pacrpejie-
nennsi P B (X, B P). B cusy reopembl KosiMoropoBa o corsiacoBaHHbIX pacrpe/iesieHusX, Takoe
pacnpezesieHue BCeraa CylecTByer.

Mpumep. [Tycts E|f(z1)| < oo. Ucnonbays 3BY B popme XununHa, nosydaem:

—fol fle) =0, > Bf () =

3ameuaHnue. B kypce Teopun BepositHocTelt Y 3BY Obls1 10Ka3aH B MPeANoozKeHHH CyLLeCTBO-
sannst E|&;|*. Bepna 6osiee cunbhast

Teopema (Y3bY Kosmoroposa). /{aa moeo, umobet % — a, Heobxodumo u docmamoy-

I.H.

HO, umoboL cyuecmsosaro K& = a.



CuieoBaTeIbHO, BLIGOPOUHOE CPeJIHEE SIBJISIETCS CHJILHO COCTOSITENLHOH OLIEHKOM /ISt TEOPETH -
4eCKOro CpejiHero (MaTeMaTHUeCKOro 0xKHuaaHus ), ecyin Toabko E|f(z1)| < oo. Beibopounasi auc-
nepcust S? — CHJIbHO COCTOSITE/IbHAsH OLIEHKA JUIst KICTHHHOM Jucrepenn, eciin Ex? < oo.

3ameuanue. [lanee x; € (X,B), rie X — no6oe H3MepUMOe MHOXKECTBO, a I3 — HeKoTopast
o-ayre6pa ero MoJIMHOKECTB.

Teopema (3bY nnst smnupuueckoro pacnpenenenusi). [asa kasncdoeo muoxcecmsa A uz B
sepro: PH(A) — P, (A).

n
JIOKA3ATEJILCTBO. 3ametum, uto #{z; | ; € A} = Y I(z; € A), tne I(z; € A) —
i=1
#{x; |z, € A nrcA
trlr€d) _ $niwen iy, coa)=
n = " y3Bb4
= P,,(A). Ipyrumu cioBamu, AJs J060ro GUKCHPOBAHHOTO MHOXKecTBa A sMmupHueckasi Mepa
SIBJISIETCS] CUJILHO COCTOSITE/IbHON OLLIEHKOH U1l HeM3BECTHOro pacrpeseseHust. [
3ameuaHnue. [Tokaxkem, UTo paBHOMEpHAs annpoKCUMalllsi B TeopeMe , BOOOLLe FrOBOPSl, HEBO3-
MO2KHA. YCJIOBHE paBHOMEPHOH anmnpokcumalinu o3nauaet, uto sup |P*(A)—P,, (A)| — 0. bynem
AeB I.H.

OepHYJIIMEBCKUE CJydaliHble BeJMUUHbl. Toraa

TpejroJarath, 4to B ColepKUT Bce KOHeUHble MoAMHOXKecTBa X, U 21 HMeeT HeaTOMapHoe pac-
npenenenne. [lycts A* = {zy,29,...,2, }, Torna P} (A*) = 1 u P, (A*) = 0. CaenoBaresbHo,
sup [P (A*) — P, (A*)| = 1.

AeB

Teopembl [nuBeHko — KaHTeaau.

[lyets 21 € (X,B), n A C B - kjacc U3MepUMbIX MOJAMHOXKECTB. Bynem roBoputh, uto s
kjaacca A BbinoJiHsiercs: meopema [asenko — Kanmeaau, ecyiu

sup |P;(A) — P, (A)| — Onpun — 0.
AcA M-H.

Onpepnenenue. Kinacc A umeer KoHeurHy0 08YCmMoOpOHHIOIO E-3HMPONUIO OMHOCUMEAbHO
pacnpedenenus P,,, eciu Ve > 0 cyllecTByeT KOHeUHbIH Habop {Af}fi(f) € B co canenyommm
ceoiictBom: VA € A 3 A7 akue, uto A;, € AC AfnP,, (Af \ A;) <e.

3ameuanue. BcnoMHUM HeKOTOpBIe onpeesenns aHanusa. [lyers (S, o) — meTpuueckoe npo-
ctpancTBo. MHoxkKecTBO M C S HasblBaeTCst £-CeTblo 1181 .S, eciu 1Jis 1000 TOUKU = € S cylle-
CTByeT X0Ts1 Obl 0J1HAa TouKa y € M Takas, uto o(x,y) < €.

MuoxectBo X C S HasblBaeTcsi BIOJIHE OrPaHHUEHHBIM, €CJIH MpH JioOoM € > 0 JIJ1s1 Hero
CYLLECTBYET KOHeuHaA e-ceTb. [1pu 3ToM onpenensiercs uncso H(g) = log min N (e), HazbiBaeMoe
€-3HTponuel MHOXKecTBa S.

[Mpumep. [Tycth S = {A} = A — kiacc MHOXKeCTB. DTO MPOCTPAHCTBO MOXKHO CJIeJIaTh MeT-
pruecKnM, BBest OMHapHblil pyHkunonan (A, B) = P, (AAB), tne AAB = (A\ B)U (B \ A).

YnpaxHenue. [Iposepume, umo ssedennoitl hynkyuonar o( A, B) yoosremsopsem scem
akcuoman mempuru, kpome oonot: o(A,B) = 0 <& A = B. Ymobel noayuume mempuxy,
HAOo nposecmu hakmopudayuro npocmpancmaa, omogcoecmaus ece mHoxcecmsa A u B,
o komopoix P, (AAB) = 0.

3ameTum, uTO onpeseseHre Kaacca A ¢ IByCTOPOHHEH £-9HTPOTHEH MTOX0XKeE Ha OMNpeiesieHHe
BIIOJIHE OrPaHHUEHHOro KJjacca MHoXKecTB. OTJIMUME TOJIBKO B cjloBe “IABYCTOPOHHss”. CKaxeM,
JUIst OOLIMX METPUUECKHUX PELIETOK 3TO 03HAUAET, YTO MO TOUKAM £-CETH Mbl MOXKEM CKOJIb YTOJHO
6s1M3K0 “noflobpaTthesi” ¢ AByX CTOpoH — “cripaBa” U “cjieBa” — K J11000# TOUKe paccMaTpUBaeMOro
MHoKecTBa. [TosTOMY /1/1s1 KpaTKOCTH BCIOALY B faJibHekiieM Gy1eM Ha3blBaTh Kjaacc A ¢ ykazaHHbIM
CBOICTBOM BMOAHE 02PAHUUCHHOIM OMHOCUMENbHO P.



Teopema (O6o6ienHas teopema liiBerko — Kanresn). Ecau kaace A 8noane oepanuien
omrocumesvro P,,, mo seprna meopena [ausenso — Kanmeanu.
JIOKA3ATEJILCTBO. Ilyeth € > 0. O6o3nauum A,, = sup |P}(A) — P,, (A)|. AGcTpaKTHbIit
AeA

unrepsan B; = {A € A | A; C A C A} 6ynem HasbiBath Opukemom (MHOTIA B JIHTEpAType

HCIoJIb3YI0T 0603Hauenue [A;, Af]). 3amerum, uto A = |J B; — NOKpbITHE, HO He pasbueHHe
i<N(e)
knacca A. Torna A, = ma(x) sup |P*(A)—"P., (A)|. YTBepKeHHe TeopeMbl OyIIET I0KA3aHO, €CJIH
1<SN(e) AeB;

lim sup sup |P:(A) — Py (A)] < 0(e),ud(e) — 0npue — 0. Mimeem

n—oo A€

sup [P} (A) = P, (A)] = sup [P(A) £ PL(A]) = Pr, (A) £ Poy (47)] <

AeBi AEBZ'

< sup ([P (A) = PL(A7)] + [P (A7) = Py (A7)] + [Py (A) = Py (A7)]) <

A€B;
< sup [P (A) = PL(AT)| + [PL(AT) — Po, (A7) + sup [Po, (A) — Pay (A7)].

AeB; AeB;
[TepBoe HEpPaBEHCTBO B 9TOH LEMOUKE CJICCTBHE IPUMEHEHHS] HEPABEHCTBA TPEYrOIbHUKA /1151 MO-
nyJist, BTopoe — juist sup. Tak Kak A; MHHHMaJibHast Touka GpuKeTa B; B CMbICJIE YaCTHYHOTO MO-
psinka, a A} — makcumasbhasi, 10 0 < Pr(A) — Pr(A7) < Pi(AS \ A;). Anasoruuno, 0 <
< Py (A) — Py (A7) < le(/ﬁ\A ) < e. Torna

sup [P} (A) = P, (A)] S PLIAT\ A7) + [P(A7) = Pry (A7) + Py (AT \ A7),

A€B;

Cornacto ¥Y3BU st smnupuueckoro pacrpenesenus limsup |P* (A7) — P, (A7) =0w

n—oo

limsup P} (A \ A7) = lim Pi(AS\ A7) =P, (A \ A7) <e¢
B utore nosiyuaem
limsup sup |P(A) — P, (4)| < 2e.

n—oo A€B;

38M€TI/IM, UTO MpaBad 4aCTb HEpABEHCTBA HE 3aBUCHUT OT HOMEpa 1, TaK 4TO

limsup max sup |P},(A) — Py, (A4)| = limsup A, < 2¢

n—oo 1<N(e) AeB; n— oo

B custy npousBoJsibHOCTH € BbiNoJiHeHO A,, — 0 nipun — oo. 1

Onpeneaenue. [1ycts (21, ...,2,) € R” 3Mrzuputtecmou pynryueil pacnpederenus F*(t),
nocmpoeHHoil no solbopke 06%6]1461 n, HaspiBaetcs pyHkums F(t) = Pk (—oo,t). Takum o6pa-
3oM, F¥(t) — 370 104151 BEIGOPOUHBIX HAGJII0/IEHHH, TTOMABLLINX CTPOTO JieBee TOUKH .

Eciu ynopsinounts Bee s/1€eMeHTbI BBIGOPKH (X1, . . . , T;,) B IOPSIIKE BO3paCTaHUs], TO MOJYUHTCS
HOBAast M0CJIEN0BATENbHOCTD — BAPUAYUOHHbLL pA0: T(1) < ... < T(y). CiydaiiHast BeIMUHHA 2 (k)
HasbiBaeTcs k-1l NOpAJKOBOL CMamucmuKkoll .

Teopema (Knaccuueckas reopema [nBenko — Kauresnn). [ag aroboii ¢pymkyuu pacnpede-
aenus F,, nabaroodaemoll cayuainoil el urol

sup [ (A) = Fr, (A)] — 0

teR n.H.

npumn — oo.



JIOKA3ATEJILCTBO. 3ameTnm, uto B HalleM ciydae (X, B) = (R, B). Beenem B paccmotpenne
kinacc A = {(—oo,t),t € R}. Torna reopema Gyner 10KasaHa, ec/u Kaace A BroJiHe orpaHHyeH
OTHOCHUTEJIbHO JI060H (DYHKIMHU pacnpesesenus F, .

DT0 yc/I0BHE MUHUMAJIbHOE JI0CTATOUYHOE JI/Is1 BBITNOJHEHHs TeopeMbl [yBenko — KanTesuu, Ho
OHO He SIBJISIETCST HEOOXOIUMBIM.

Ynpaxuenue. [locmpoums Kaacc A, komopolii ne bydem 8noaxe 0eparHu14eHHblM OMHO-
CUMEAbHO20 HeKOMOPO20 pacnpedenerus, Ho Kaaccuieckas meopema [aueenko — Kanmean-
AU bydem umenio mecmo.

Bepnemcs K 1okazaresnbeTBy TeopeMbl. OTpaHHUMMCst pacCMOTPEHHEM HEMpPepbIBHOH (QyHKIMH
pacnpenenenusi F,,. YKaxkeM aJropuT™m MOCTPOEHHs KOHEUHOM JBYCTOPOHHEN £-ceTH. Pa3zobbem
oTpe3ok [0, 1] Ha ocH OpMHAT HA M PaBHBIX YacCTel W ToJlaraeM € = % Bcnomuum onpenesne-
HHe KBAaHTHJIbHOTO npeobpasopanus: F, '(t) = inf{y | F,, > t} nput € (0,1). 3amernm, uto
{F;(£)}, — koHeunslit Habop Touek. Bynem cuurarh a/ist Beex pacnpeseseuit, uro F,1(1) =
oo F,;1(0) = —oo. C nomoubto HaGopa {F, . (£)} ) MOKHO NOCTPOUTb HCKOMYIO ABYCTOPOH-
HIolo0 e-ceThb . Jluist kaxkaoro ¢ € R cywectsyer ky Takoe, 4to Fw_ll(%) <t < Fx_ll(%). Paccmot-

pHM JBa Jyya:
k
- ()
m

Af, = (=oo, Fx—ll(—ko - 1))
m
OueBuzHo, uto Py, (A} \ Ap) < e. Takum 06pasom kiaccuueckas reopema [nupenko — Kanrem
ISl HEMTPEPBIBHOM (DYHKLIMHU pacnpeeseHns okazaHa. [
3ameuanue. B ciyuae paspbiBHOil GyHKIMU pacnpejiesienust MOCTPoeH bl kaace { A}, ne
OyJIeT Y/IOBJIETBOPSIThL OIPEJIEJIEHHIO BITOJIHE OIPAHMUEHHOT0 Kjacca MHOxKecTB. [lyeTh ¢ — Touka
paspbiBa M € < h, rae h — Beanunna paspbisa. Torna Py, (A; \ Ay ) = h, tie A w A} — aobas
napa Jiyueil Bujia (—oo, ty,), COKOUMJISIIOIIMX>» C IBYX CTOPOH Jiyd A = (—o0, t).
UTo6bl yCTaHOBHTh CIIPABEVIMBOCTL TEOPEMBI Mpeiaraercs knace { AL} Gpath HeMHOrO
JIPYTHMH, @ KIMEHHO JI0OABUTb K TOJIbKO UTO BBEJEHHBIM OTKPBITHIM HHTEPBAJIOM €lile U 3aMKHYTble

crpasa:
k
- (@)
m

A = (oo mt (1))
m

YnpaxHenue. /[okaszamob, umo 8 peayromanie 06ve0uHerus 3mux 08Yx KOHe4HolX KAAC-
C08 NoOAYUUMCA 08YCMOPOHHAA KOHeUHAaA e-cemo 04 110001 pyHKYUL pacnpedeseHus.

Teopema. [Iycmo karacc A gnoane oeparnuvern omHocumesvHo pacnpedeseruil Py u Ps.
Toeda 0asa kaacdoeo o € (0,1) kKaacc A 8noane oepaHuueHHO OMHOCUMeAbHO cmecu Py +
(1 — O{)PQ.

JIOKABATEJBLCTBO. [lycts € > 0. [Toctponm {45 }icn (o) 1 {B]:'t}jgNg(e) — JIBYCTOPOHHHE
KOHEUHbIe £-CEeTH OTHOCHTEJIbHO pacnpesiesieHnil Py U Py cooTBeTCTBeHHO. Orpe/iesiM HOBbIe J1e-
menTbl Ci™ 1o popmyJiam:

C" e {47 N B ,i < Nife).j < Na(e)}

Cli € {A; UB-i,Z' < N1<€>,j < NQ(&T)}

J

N3 mHoxkecTBa {Cli}, cojiepzkatliero He 6osiee 2Ny Ny 2J1eMEHTOB, MOXKHO MOJIYUHTb HEOOXOIMMYIO
JIBYCTOPOHHIOIO £-CeTb 15 JIIOOOTO .



[Iyete A € A. Boibepem HoMepa iy U jg TaK, YTOObI A;o CAC Ajo U B]; CAC B]*O. 3ameTum,
- - + + + _ g+ + - _ p- -
uro A;; U B, C A C Al NB;. H(?JJ]O}KI/IM Cp = A, NnB;, C = A UB,. Heoboxommo
MPOBEPUTH, UTO MEPA CHMMETPUUECKON PA3HOCTH He MPEBOCXOIUT E.

Nmeem
P(CEN\CL) = aPi(CEN\CL) + (1 —a)P(CE\ C)

< aPi (AL \AL) + (1 —a)Py(B) \ B;,) <ac+ (1 —a)e <
C

i : €.
ITepBoe HepaBeHCTBO B 9TO Lienouke cieacTBHe Toro, uto O € Afu B, € Cp; Cf € Bl wn
B;, C (), a Takke MOHOTOHHOCTH BEPOSITHOCTHO! Mepbl P. [

Teopema. Kracc B snoane oepanutern omuocumessro 11006020 Ouckpemmo2o pacnpeoe-
Aerus Py.

3ameuanue. CorsacHo Teopeme JleGera so6oe pacrpesiesieHre B U3MEPUMOM MPOCTPAHCTBE
MOJKeT ObIThb TIpeacTaBieHo B BUae cmec: P = aP, + (1 — a)Py, rae P, — AUCKpeTHOE pacrnpe-
nesieHne; P, — pacrnpejesieHue, He UMelolliee aTOMOB (B OJIHOMEPHOM cJjyuae P, — Kjaccuuyeckoe
HerpepbIBHOE pacripesiesienre). Toraa Ha oCHOBaHUH JIBYX MOCJIEIHUX TEOPEM BCe JlajibHelIIIee He-
cJ/le/loBaHHe MOXKHO CBOJIMTb K HeaTOMapHbIM pacripe/ie/ieHusiM. B uacTHOCTH, MOXKHO He J10Ka3bl-
BaTb OT/EJbHO KjaccHueckyio Teopemy [nnBenko — Kantenin st caydast paspblBHOH (yHKIHH
pacrpeseseHust.

JIOKA3ATEJIbCTBO. B ciyyae nucKpeTHOro pacrnpeeseHus iMeeM He GoJjiee 4eM CUETHbIH
Ha6op atomoB {a;} Takux, urto Py(a;) = p; > 0. Paccmarpuas mo6oe noamuoxkectso A C B,
noJjiyuaem P, = Z pi. Bmecto B pacemorpum knace B, = {AN{a;} | A € B}, cocrosi-

ia; EA
ILIMI M3 BCEBO3MOXKHBIX MMOJIMHOXKECTB COBOKYIHOCTH {a; }. MIHOrIa s 3Toro Kiaacca uenosb3yor
cTangapTHoe o603Hauenye Teopuu Muoxkects B, = 2{%}. Jna koHeuHblX MHOXKeCTB 3T0 0603HA-
yeHue ONpaBJaHHo, Tak Kak H3BecTHO, uto #(2{%}i<n) = 2V Tlycrb ¢ > 0. Cymwectsyer N(g)
TaKoe, uTo Z pi < &. HeoGxomumo noctpontb Koneunblii na6op nap {Af}icye € By co
i>N(e)
CJICIYIOLIMM CBOHCTBOM: Jisi Jito6oro A € B, naiinercsi Homep i Takoi, uto A7 C A C A wu
Pu(AF\ A7) < e Tonoxkum {4; }; o = 21909¥©) . Onpejiesnm npasble KOHLbI GPHKETOB 110
dopmysie A7 = A7 U{an(e)+1, an(e)+2, - - - }. Joist kaxaoro A € B, BbiGepeM JieBblil KOHeL OpHKeTa:

A7 = ANn{ai,...,an(}. Takum o6pasom, HCKOMast KOHeUHas JIBYCTOPOHHSS €~ CETh MOCTPOEHa,
Tak Kak Py(A \ A;) = Z pi<e O
i>N(e)
CyleCTBYIOT MHOTOMEpHbIE BapuaHThbl Teopembl [insenko — Kanresun. [Tyets z; € R ¢ cos-
MeCTHOl yHKued pacnipenenenns F(ty, ... ) = P(xY < t1,... 2z < ). Onpenennm smnu-
n
pHuecKyio (yHKLIIO pacripeaenenns no dopmyie Fr(ty, ... t) = = > I(xz(»l) <ty,... ,xgk) < ty).
i=1

Torna anist moGOro HCTHHHOTO pacrpesesieHust HabJI01aeMOl BEKTOPHO3HAUHON CJIyualHON BeJH-
YHHbI
sup |F;(t) — F(t)] — Onpun — oc.
T I.H.

t=(t1,.,tk)

¥Ynpaxnenue. [{lokazatb Teopemy [nuBenko — Kantesiu B R™.

[locTpoeHHe OLleHOK HEU3BECTHbIX MapamMeTpPOB.

[Tycth 6 — HeusBecTHBIN NapaMeTp HAGJ/I0aeMOr0 pacrnpesieseHust (CKanspHbIH UM BEKTOP-
Hblil). OH sIBJIsIeTCS] HEKOTOPBIM (DYHKIIMOHAJIOM OT HabJtolaeMoro pacripenesenus: = G(Py,).



PacnpeﬂeﬂeHHe MO>KeT ObITb HEHU3BECTHO MOJHOCTbIO HJIM UACTHUYHO. TUMHUHBIH IIpUumMep

R / " Py, (dt) = / " dF,, (t)

R R

Onpepeaenue. Oyerka 07 (X) — 310 PyHKLHS OT BBIOOPKH (T.€. criamucmuka), Kotopasi B TOM
WJIM MHOM CMbICJIe TTPUOJIMKAaeT HEU3BECTHBI apameTp 6.

CyuiecTByeT 00LLMI NPUEM OCTPOEHHUS OLEHOK — Memod n0OCMaH08KU. DTOT METOJL B Kaue-
CTBe OlleHKH 0 npeanucbiBaet B3sTh hyHKumio 0 = G(P?). Onna U3 peannsauuii Takoro rnojaxozia
Ha3bIBACTCS MEMOJOM MOMEHIMOB, K H3YUEHNIO KOTOPOTO Mbl IEPEXOAHM.

PacemoTpum cHauasa ofHOMepHoOe napaMeTpuyeckoe ceMelcTBO pacripenesnenuil {Fp}ococr.
Beeném dynkimio

my(®) = [ 91 dFlt), 0 € ©,

rje g — TakK HasbiBaemas npoOHas PyHKUUs. Mbl XOTUM MOCTPOUTb COCTOSITENIbHYIO OLEHKY /IS
6. Jlnst 5TOro MeToJ MOMEHTOB MpeJyiaraeT BMecTo (hyHKIMH pacripesesienusi Fy(t) ucnosb3oBaTh
SMIUPUUECKYIO (PYHKIIUIO pacripeesienust F¥(t) :

o ari® = > g(w) = 51

1 n
CorsacHo Y3bY nmeem — g g(x;) — Eg(z1) = my(6y). 3Hauut, npu 60/1b1IOM KOJIHUECTBE Ha-
n ILH.
i=1

OJ110/ICHUI IOJIXKHO BBINOJHSTLCS TPUOJIHIKEHHOE PaBEHCTBO: my(fy) =~ g(x), rae g(x) — naBectHas
dyukuus. Ecau ypaBuenue mg(6y) = g(z) paspelunmo, To ero peleHne ¢ Ha3blBaeTCs OYeHKOL
no memody momenmos (OMM).

Teopema (oxHomepHblil cayuait). Ecau pynkyua my(0) asasemces Henpepol8HOL U cmpo-
20 MOHOMOHKHOL 04 HeKOmopoil NPoOHOU PYHKYUL g, MO OYeHKA NO Memody MOMEHN08
ABALEMCSL CUALHO COCMOANMEAbHOL.

JIOKA3ATEJIbCTBO. ¥ MOHOTOHHOH HerpepbIBHON (DYHKLMHU 1, (#) cyliecTByeT oOpaTHas hyHK-

sty (6), KoTopas TaksKe siB/sieTcs HerpepbiBHOI U MonoTonnoit. Torna 6 = m ' (g(x)).

B cuny Y3BU g(x) — Eg(x1). Tak kak m, " — nenpepbiBHas GyHKLys, TO

m, "' (g(x)) — my ' (BEg(z1)) = m, " (my(6o)) = bo.

Takum o6pasom, 07 — 6y. U

[Tepeiiném K k-MepHOMY BapHaHTy METO1a MOMEHTOB, Korja napamerp 6 € R*. Beoaum k npo6-
HBIX (DYHKLMH g1, . . ., gk M 110 KaXKJI0i U3 HUX CTPOUM COOTBETCTBYIOLIME (DYHKUMH my, (61, ..., 0).
[Tostyuaem cucremy ypaBHeHHi

mg, (61,...,0k) = gi(x), i=1,... k.

Ecau sTa cucrema paspelnMa, To BEKTOpHAs OLEHKA ) = (0:2(1), e ,92(]“)) HasbiBaeTcss OMM.
3amMeTum, uTo 3Ta OLeHKAa MOXKET ObITh HE€JMHCTBEHHOM.

[Ipumepbi.

1. OdHomeprouti cayuaii. PacematpuBaercs pacnpenenenne [lyaccona {my}, A > 0. B kaue-
cTBe MPoOHOi pyHKLMK Bo3bMéM g(z) = z. Torna m(A) = A; sMnupuyecKuM aHanorom QyHKUUH g
oyner g(z) = . [lonyuaem ypaBHeHHe \ = T, pellieHHeM KOTOPOTO SIBASETCS A = T — Ao.

I.H.



Ecan B KauecTBe npoGHOi yHKLMK B3AATE g(2) = o2, T0 ma(X) = A + A%, M cooTBeTCTBYIOLICE
ypaBHeHHe npumeT BUA A2 + A — 22 = 0. Petuasi ero 1 yuuTbiBasi, 4To napamerp A MOJOXKHTEJIEH,

[10JIy4YUM
A*_\/1+4P—1 VIHIN N -1 2411

—
" 2 MH. 2 2
3

Ynpaxuenue. Haiimu OMM, 8318 6 kauecmse npobroi pyukyuu g(z) = x°.

Kaxk mbl BHJIHUM, OJUH U TOT 2K€ JOCTATOUYHO HpOCTOIU/I METOJL IO3BOJISIET ITOJYUHUTb MHO2KECTBO
OLEHOK OJIHOI'O M TOTI'O 2K€ MapaMeTpa, HpI/ILIéM CHJIBHO COCTOATEJIbHBIX.

2. MHoecomepHoLil cayuaii. PaccMotpum HopMasibHoe pacripenenenne {N(«,o)}. Bosbmém
npo6Hble GpyHkimK g1 (z) = x, go(x) = 2. Torna mi(a,0) = a, my(a,0) = o + o2 Toay-
yaeM CHCTeMy JBYX (HeJMHEHHBIX ) ypaBHEHUH

a=T1,
a? 4 0? = a2,

pellieHHeM KOTOPO# sIBJIsieTCst IByMepHasi cratuctika 0F = (7, 5), mie S = 22 — (7)%. B cuay
Y3BU umeem T — «, S? — Dz; = 02. Crajio GbiITh, M0JyYeHHAS OLEHKA SBJSETCS CHIBHO
IT.H. IT.H.

COCTOSATEJIbHOH.

YnpaxHuenue. /[11 amomaproeo pacnpedererus

17 b1,
I =
m—1
m, Pm = 1— Z Di,
i=1
ede Piy---,Pm—1 — HeEU3BeCMHbLe riapamemnipol, HOCHpourinb OUEeHKY no Memody MOMEHIMOB U

uccaedosams ee cocmosanmenbHoCeb.
MeToa MakcMMaJbHOrO NpaBAoNnoa00ous.

Pacemotpum ewé oaut cnoco6 noctpoenusi olleHok. Kak u B Metojie MOMeHTOB, OyaieM paboTaTh
C mapaMeTpUUECKHUM KJ1aCcCOM pacrpeiesieHuil, 3a1aBaeMoM MJI0THOCTSAMH { fy }gco OTHOCHTEIBHOM
(pUKCHPOBAHHON 0 -KOHEUHOH Mepbl. OrpaHHuMMEst OJIHOMEPHBIMH HAOJI0ICHUSIMH.

[IpounstocTpupyem K€ MeToJa MakCHMMaJbHOIO MpaBIoNo06Usl Ha CJelylolleM MpuMepe.
[yctb fo(z) — Ma0THOCTh, rpaduK KOTOPOH UMeET OjIHY BepliuHy. BBe1ém ceMeilcTBO MIIOTHOCTEH
fo(x) = fo(z — 6), rne @ — napametp capura. [1ycTb x1 — HeKOTOpasi TOUKA HA UMCJOBOM MPSIMOK.
[IpuHnmast BO BHUMaHHe BEPOSITHOCTHBIH CMbIC/ MIJIOTHOCTH pacnpeieseHust, HauboJee npaBaono-
JIOOHON MJIOTHOCTBIO U3 JIAHHOTO CEMEHCTBA CllelyeT CUNTaTh Ty, KOTOpasl J0CTUraeT MaKCUMyMa B
TOUKE 21, TaK KaK MJOTHOCTb B TOH MJIM MHOH TOUKE MPONopUHOHAJIbHA BEPOSTHOCTH MONAJaHUs B
OKPECTHOCTb 9TOH CAMOH TOUKH.

dopmanudyeM OMUCAHHYIO MPOLIEYPY, epexo/is Ha SA3blK napaMmeTpa (60 napameTp U MJoT-
HOCTb HAaXOJSATCS BO B3AUMHO OJIHO3HAUHOM COOTBETCTBHHU ). Ecsin 6y — uCTHHHOE 3HAUeHHe napa-
MeTpa, TO €ro OlleHKa R

0, = arg max fo(z1),

rie n = 1 — o6 bEM HAOJIOIEHUH.



[Tyctb Teneps X = (1, ..., 2,) — BbIOOpKa 00bEMA n, KOTOPAst IBJSIETCS] n-MePHBIM CJlydaii-
HbIM BEKTOPOM C He3aBUCHMbIMH OJIMHAKOBO pacripeie/ieHHbIMU KoopauHaTamMu. [1moTHOCTb 3TOro
BEKTOPA €CTb MPOU3BeIeHHE MaprHHAJbHbIX MJIOTHOCTEH:

f(z1, .. 20) = er(zi).

PeasinayeM BbicKa3aHHylo Bhilile Hel0. BBeeM B paccMoTpeHte Tak Ha3blBaeMyo (hyHKUUIO npas-
donodobus

wx(0) = [[ ),

KOTOpasi Kak pa3 M MnpeacTas/sieT COO0H CyNneprno3uLMIO NMJOTHOCTH COBMECTHOTO pPacIpeieseHUs
KOOpJIMHAT BIOOPOUYHOTO BEKTOPa U caMoi BbIOOPKHU. Eciin cyliecTByer skcTpeMalibHasi Touka 6, =

0 .
arg max f§()(X), TO OHA HA3bIBAETCS OYEHKOU MAKCUMANHO20 npasdonodobus (OMIT) neus-

BECTHOro napamerpa. 3ameTum, uto B onpejaeaeHut OMIT Mbl HHUero He roBOpUJ/IH 00 OJHOBEp-

HIMHHOCTH TpacduKa MI0THOCTH. [103TOMYy BO3HMKAIOT BOMPOCHI O CYIIECTBOBAHUH U €IMHCTBEHHO-

et OMIT. OT™MeTHM, UTO ecJi SKCTpeMalibHbIX Touek 6, = arg max W x (f) HECKOJILKO, TO BCe OHU
]

HasbiBatrorcss OMIT.

[Ipumep HeeauncTBeHHocTH OMIL. [TocTpoum OMIT nist napamerpuueckoro ceMercTBa paB-
HOMepHbIX pacnpeenennit {Upg111}, 0 € R. 3nech

1, telf,0+1],
0, wuHaye.

fo(t) =

Otcroaa Jierko noJiydaem BblpaxKeHue /151 PyHKIHH TPaBAONoA00uS:

17 T(n) — 1< 0 < Z(1),
Uy (0) =
x(6) 0, wuHaue,

OTKyJla CJIelyeT, uTo B JaHHOM npumepe MHoxkectBo OMIT npesncrapisier co6ol 1ieblil 0Tpe30K
{9 D X(n) — 1<0< :U(l)}.

YnpaxHenue. [locmpoumo npumep napamempuuecko2o cemeticmsa pacnpeodeserui, 014
kKomopoeo He cyuecmayem OMII.

Ykasanue: Paccmompemo napamempuueckoe cemeticmso, npedcmasumens KOmopoeo 18-
asemces cmecoio (¢ huKkcuposarHbLML 8ecami) NPOU3BOALHOCO HOPMAALHO20 U CMAHOAPM-
HO20 HOPMANbHO20 pacnpedeneHull.

[Tpumepni Boiuncaenus OMIL.
1. [1yacconosckoe napamempuueckoe cemeticmso {my}, A\ > 0. Jlioboe pelreryaroe pac-
npejiesieHre UMeeT MJIOTHOCTb OTHOCUTENIbHO CuMTatolllel Mepbl. B n1aHHom ciyuae

Mz) = ge_Ay T € Ly.

Brinuiiem ¢yHKIMI0O npaBaonoioous




HMccnenyem 51y dyHkimio Ha sKeTpemyM. [liist aToro Haiiiem peliienne ypasaenusi ¥y (A) = 0. [To-
JlyuaeM pelenne \, = . YunTbiBast BiL QyHKLMH, HAM CTAHOBHTCSI SICHO, YTO TO TOUKA MAKCH-
myma. OTMETHM, UTO METOJL MOMEHTOB JlaBaJl TOT XKe pe3yJsbTaT (6oJiee TOTo, Jyullleld OLUeHKH JIJIs
napamerpa A B JaHHOM cJjiyuae He cyulecTtsyet). B cuny ¥Y3bY nosnyyennas oueHka siB/sieTcst CHilb-
HO COCTOSITENIbHO.

2. Hopmanvroe pacnpedeaerue c 0s8yma Heussecmuoimu napamempant { N, . Ham nyx-
HO UCCJIeIOBATh PYHKIMIO MpaBaonoao6us Ha skcTpeMyM. Tak Kak MOHOTOHHOe TipeoGpa3oBaHue
He MeHsIeT SKCTPeMaJibHbIX TOUEK, TO 1Jist YA0OCTBA MOXKHO MEPENTH K L02eapudhmuieckotl pyrk-
yuu npasdonodobus (JIPIl) Lx(0) =log U x(6).

B nannowm ciayuae npeacraBuresieM napaMeTpHueCcKoro ceMencTBa MJIoTHOCTEH SIBJIsIETCS]

e—(t—a)2/202
flaoy = S
(e0) oV 2w

[Tepexons k JIOI, nosyunm

I \" & (2 —a)? n 5 nx? anT no
x(a,0) =log <0 2n> ;:1 = 5 og(o” - 2n) +—

,H,.HH IMOHUCKa CTaHHOHapHOﬁ TOUKH pelaeM CUCTEMY U3 IBYX ypaBHeHI/Iﬁ. H€pBO€ YpaBHEHHE!

oL 1

oo o2

13 Hero Mbl nostyuaem OMIT st nepporo napamerpa &,, = 7.
BTopoe ypaBHeHMe 1pH MOACTAHOBKH BMECTO v BLIGOPOUHOTO CPEIHEro MPHHUMAET BUL:

(nT —na) =0,

oL n nx? — 2anT + na? n 1 — n 1
= — = - —[nz? —n(@)? = —— + —nS?=0.
Oo? 202 + 204 202 + 204 [na? = n(z)’] 202 + 204n

W3 storo ypasrenust mbi nosyyaem OMIT st Broporo napamerpa 62 = S2. Hatuu pesyJibrathbl
coBnanator ¢ OMM, oHako npotiecc BbIUHCEHUH 0KasdaJcs 6oJ1ee TPYL0EMKHUM.

3. Pasnomepiroe pacnpedenerue Ha |0, 0]. Ouenum 0 1Bymst criocob6amu. CHauasia BOCHOJIb-
3yemcsl MeToIoM MOMeHTOB. B kauecTBe ¢yHKuMM m(#) paccmaTpuBaeM MepBblii MOMEHT HaGJII0-

JaeMoro pacrpeaeaeHus:
0

m(9) = / tfalt) dt,

0
rae
1/0, te|0,0],

0, wuHaue.

fo(t) =

Torna m(0) = 6/2 1 no meTory MOMEHTOB TIoJlydaeM ypaBHeHue 0/2 = Z. Otkyna 0 = 27. Ecan
Obl Mbl B KauecTBe NpoOHbIX GyHKIMil 6panu g(z) = ¥ k € N, To nosyunau 6bl OLEHKH O =

= ((k 4 1)z*)'/*¥ . Bce 9TH OLEHKH SBJSIOTCS CHILHO COCTOATENbHBIMM.
Tenepb BoCMo/b3yeMesi METOIOM MAKCHMaJIbHOTO MpaBaononoousi. Mimeem

/0", 0 = x4, = max,,
\Ifx(e) = isn
0, wuHaue.

[Tonyuaem OMII 0, = T(n)-

10



Mceneyem cocTosTelbHOCTb OLEHKH 6, = () A1l PaBHOMEPHOro pacrpejenenus Ha [0, 6].
Jlsis1 3TOrO paccMoTpum

0_ n
Pz — 0| >e) =Pz <0 —¢) = ( ] 8) n—o0 0.

Tak Kak 1ocJsief0BaTe/IbHOCTb {Z(,)} MOHOTOHHA, TO CXOAMMOCTDL 110 BEPOATHOCTH COBMAJAeT CO
CXOJIMMOCTbIO MIOUTH HABEPHOE, T. €. B MIOCJIe/IHEM NIPUMepe (BIpoueM, Kak H B npeablaymx) OMIT
CHJIBHO COCTOSITEJIbHAS.

3ameTuM, uTo rnoJydeHHas B nocJjennem npumepe OMIT He coBnagaeT HU ¢ KaKOH U3 MOJIyU€eH-
Hpix OMM. Ho BCcé-Taku 3TH OLIEHKH CBA3AHDI.
YnpaxHenue. Jlokasartb, uto 151 8cex 8o1OOPOK NpU (HUKCHPOBAHHOM 1. HMEET MECTO Mpe-
JIeJIbHOE COOTHOLLEeHHe
. _—
lim 6, = z(,).
k—oo

Ha kauecTBeHHOM ypOBHE MO2KHO OTMETHTD, UTO, KaK rnpasuso, OMII npeanoututesbnee OMM,
TaK Kak sIBJsIoTCs OoJiee TouHbIMU. Jlajiee Mbl ellle BepHEMCS K 5TOMY BOMPOCY.
CocrositeabHocts OMII.

[Tyctb {f(0) }ypco — mapameTprueckoe ceMeHCTBO MJIOTHOCTENH OTHOCHTEIBHO 0 -KOHEUHOH Me-
pel A(+), al,,(0) = log fa(z;). O6o3Hauum uepes d, HCTHHHOE 3HAUEHKeE MapaMeTpa HabJII01aeMOoro
pacnpenesenusi. Beenem B pacemorpenue dyHkmo ¢(0) = Eq l,, (0), tne 0 € ©. Ilpu yeaosuu
CylecTBOBaHUsl PyHKIHMH () 1uisi Kaxioro 6 € O uccienyeM eé coiictBa. ChopmynpyeMm ycio-
BHSI, B paMKaX KOTOPbIX OY/IyT JI0Ka3aHbl MOCJEyIOLIHE YTBEPKIAEHHSI.

Ycaosus (A):

1. (©,d) — MeTpHUeCcKHi KOMIAKT C METPUKOH d.

2. [lapamerpuueckoe ceMeHCTBO MJIOTHOCTEH HAXOAUTCS BO B3aHMMHO-OJHO3HAYHOM COOTBET-
CTBHHM C IapaMeTPHUECKUM MHOXKeCTBOM ©

(T.e.fp, (z) = fp,(x) NOUTH BCIOLY OTHOCUTEILHO 0 —KOHEUHOI MephI A <> 0 = 05).

3. Hocuresn Bcex pacnpe/iesieHuii U3 napaMeTpUUecKoro ceMeicTBa He 3aBucaT oT  (T. e. supp fy
OJIMH U TOT 2Ke J/Is1 BCeX pacrpeseseHni).

Jlemma. [Tycmo soinoanensl ycaosus (A). Toeda o(0) < p(6y) 014 scex 0 # 6.
JIOKA3ATEJIbCTBO. O603HaunuM X = supp fy,. OLeHUM cBepXy pasHOCTb

o(6) — olf) = / Fou (2) 08 fo(2) A(d2) / foo (2) 108 iy (2) Md2) =

/feo ) log JJC;)(ZZ /feo ) log fgf(?) ) dz) =

/ fu2)tog(1+ (22 0((2)) - 1)) Aaz).

11



Tak kak log(1 + z) < x 1J1si Bcex > —1 U 3HaK paBeHCTBA BO3MOYKEH TOJIbKO MpH = = 0, TO

sy [0 B~ [t [aonen =110

B cuuty BTOporo nyHkra ycjioBuii (A) U yCJI0BHIl TeOpEMbI, HEPABEHCTBO GYy/IeT CTPOruM. [

3ameuanue. Eciu MHOXKeCTBO O sIB/ISIETCS] METPUUECKUM KOMIMAKTOM, TO €IMHCTBEHHBIN ab-
COJIIOTHBIH 9KCTPEMYM HENpepbiBHONH (YHKLMH ¢ OyaeT omdeaumoim (3TO JIETKo 10Ka3bIBAETCs OT
NPOTUBHOIO), T. €. pH Jto60oM & > 0

sup — (0) < (o).
6: d(6,00)>5
IT0 06CTOSATENLCTBO SIBJISIETCS OUEHb BaXKHBIM JJI51 IoKa3aTe bCTBa cocTositesnibHocT OMIT.
Onpepaenenue. Besnunny Lg?) () = £ Lx(0) Gynem Ha3bIBaTh HOPMUPOBAHHOU L02APUPMIL-
yeckoi ¢pynkyuetl npasdonododbus. Tak Kak yMHOKeHHE HA KOHCTAHTYy €CTb MOHOTOHHOE Tpe-
oO6pazoBaHue, TO SKCTPeMaJsibHble TOUKH 3TOH (DYHKIMHM COBMAJAIOT C SKCTPEMAJbHLIMH TOUKAMH
JorapumMuueckoi (hyHKIUH PaBIONON00Us], a 3HAUUT, U CaMOH (PYHKIMH MPABIONOI06HS.

Jlemma. [1ycmo soinoanenol ycaosus (A), ul,(0) € Lip(K(x)), ede Eg K (x1) < 0o. Toeda

iug \Lg?)(@) — (@) — 0 npun — .
c n.H.

3ameuanue. [Ipoliecc 10Ka3aTebCTBA MOJHOCTLIO AaHAJOTHUEH JI0KA3aTebCTBY 0600IIEHHOH
TeopeMbl [inBeHko — Kanresu.
JIOKA3ATEJIbCTBO. OTMETHM, UTO /151 Ka2KJ1010 6 BBIMOJHEHO Lg?) (0) — () Bcuny Y3BU.
I.H.

[Tyctb € > 0. Tak Kak napameTpruyecKoe MHOXKECTBO O SIBJISIETCS METPUUECKUM KOMITAKTOM, TO ISl
Kaxaoro € > 0 B © cyuiecTByeT KoHeuHast e-ceTb. [1yetb {6; | i < N(g) } — coBoKymHOCTb Bcex
y3is0B e-ceTh, S;(¢) = {0 € © | d(6,0;) < €} — 3aMKHyTbIi Wap pamuyca ¢ ¢ ueHTpom 6;. CoBo-
KYTHOCTb Bcex S;(£) o6pasyer KoHeuHoe nokpeiThe O. [Tostomy

sup [LY(0) — p(0)| = max sup |LY(0) — (0)].
0O iSN(€) ges;(e)

3aMeTum, uTo

sup |L)(0) — 0(0)] = sup |LL(0) £ LY (6:) + ¢(6;) — p(0)] <

0eS;(e) 0€8;(e)
< sup |LY0) — LE(0)| + sup |@(6;) — o(8)] + |LE(6;) — 0(6))].
0eS;(e) 0€S;(e)

Benomuum, uro [, (0) € Lip(K(x)), nostomy |1.(01) — 1.(02)| < K(x)d(61,02). Ouenum nepsoe
l

cnaraemoe: sup |L)(0) — LY (0)| = sup |2 3 (1, (8) — L., (6,)] < sup |d(6,6,)L ZK(a:j)|.
0eS;i(e) 0eS;(e)  j=1 0eS;(e) j

B nocsiesiHeM BbIpazKeHUH 110]1 3HAKOM MOJLyJisl CTOUT BeJIMUMHA = Z K(z;) — cpennee apudmeru-

UeCKOoe He3aBUCHMbIX OJIMHAKOBO pacrpesieJieHHbIX CJydaiHbIX BG.HI/I‘{I/IH C KOHEUHbIM MePBbIM MO-
MmeHToM. Torma

limsup sup |LP(8) — L (6,)] < hmsup]—eZK ;)| = eEq, K (21).

n—oo GESZ-(E) n—oo =1
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OI_[€HKa BTOPOro cjaraemMoro:

sup |@(6;) —(0)| = sup [Eg, (L, (0) — 1o, (0:))] < sup Egy|ls, (0) — 1, (6)] <
0€S;(c) 0€S;(e) 0€S;(c)

< Eg, K (z1) sup d(0,0;) < cEg, K(z1).
965@(5)

[TepBoe HepaBeHCTBO B 3TOH LieMOUKe — CJIEACTBHE MPUMEHEHHS HepaBEeHCTBA TPEYTroJbHHUKA, BTO-
poe — MOHOTOHHOCTH MaTeMaTHueckoro oxkunauus. Takum o6pazom, ¢ € Lip(Eg, K (z1)) u

limsup sup |p(0;) — ¢(0)| < eEg, K (21).

n—oo  feS;(e)

B cuny Y3BY umeem lim sup |Lg?)(9i) — ¢(6;)| = 0. B urore:

n—oo

limsup sup |LY(0) — o(0)] < 2cEq, K (21).

n—oo  feS;(e)

Tax Kax JieBast UaCTh HEpPaBEHCTBA He 3aBUCHT OT &, JieMMa Jloka3aHa. [J
Teopema (CusbHasi coctositenbHocts OMII). [Tycmo soinoanenor ycaosus (A) u l,(0) €

€ Lip(K(x)), ede EgK (x1) < o0. Toeda OMII cuavro cocmosamenvua, m. e. 0, — 6y npu
n — o0. -
¥YnpaxHenue. JlokazaTb TeopeMy CaMOCTOSITEIbLHO METOJIOM OT MPOTHBHOTO, HCIOJb3Ysl JIBE
MPeJIbIIYLIHE JIEMMbI.
[pumep. PaccmoTprm napameTprueckoe CeMeHCTBO MyacCOHOBCKUX pacrpeiesieHHi ¢ mapa-
METPOM A, OTAEJEHHBIM OT HyJIf, T. €. {7\ }ass>0. Torma I, (A) = xlog A — A — log z!. 3amerum, uto

dyHkums I, (t) aunumnesa npu t € O, ecau ilég [I,(t)| < oo. B nawem cayuae | — 1| = |5 — 1| =

= K (z). Takum o6pasom, Ey K () cyl1ecTBYeT, 1 3HAUUT, BBITIOJIHSIOTCS YCJIOBHS TEOPEMBI.
[Tynkr 3 ycsoBuii (A) iBJISI€TCS TEXHMUECKUM OFpaHUUeHHEM U MOXKeT ObITh CYILIECTBEHHO 0c/1a6-
jeH. OTmerum, uto napamerpuueckoe cemeictBo {U][0, 0]}g~o He yI0BAETBOPSIET STOMY YCJIOBHIO.

CpaBHeHHUE OLIEHOK.

JLJ151 OJIHOTO W TOTO 2Ke MapaMeTpa MOXKHO MOCTPOUTh GECKOHEUHOe UMcJ/10 olleHoK. Hanpumep,
a5t cemerictsa {Upo g }oo ,0bl1a TIOCTPOEHA MOC/IC0BATENLHOCTL OLEHOK MO0 METOJly MOMEHTOB:
= ((k+ 1)?)1/’“, k € N. Kpome Toro, MeTo10M MakCMMaJibHOTO MPaBA0NO100Us Mbl TOCTPO-
WJIH OLLEHKY 0, = X(n). [Ipuuem, Bce 3TH OLUEHKH CHILHO COCTOsITE/IbHbIE. KaKyio »Ke OLEeHKY M3
3TOTO CUETHOTrO Habopa MPEANoYecTh?

BBesieM B paccMOTpeHHe TaK HasblBaeMYIO (hy HKLILIO NOMepY:
2
59?1 (9> = E9(92 - 0) )
rae Eg o003HayaeT MaTeMaTHUeCcKoe O0KHMIAaHHUE, BBIYMUCJEHHOE ITPHU YCJIOBHH, UTO @ — UCTUHHOE 3Ha-

ueHue napamerpa HabJioaeMoro pacrpesaenenusi. Ecin Mbl HAXoUMCsl B paMKax rapamerpuue-
CKOro cemercTBa MaoTHOCTEH { fy }oco, TO MOXKHO 3anucaTh (PYHKIHUIO OTePh GoJiee MoApoGHO:

b (6) = / - / (602(2) — 0)*T.(6)A"(d2).
.

Besnnunna pyHkuMd notepb U 6y1eT KpUTEpHeM KauecTna (MM TOUYHOCTH ) BBIOMPAEMbIX OLIEHOK.
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Onpeneaenne. Oyenka 0y, | «ayuue» oyenku 0y , 6 mouke b, ecin dgx  (61) < oz , (61).

Onpeneaenne. Oyenra 0y, | «ayuuwies oyerku 0;, o, e npu Beex 0

n,27
doz , (+) < oz, ()

1 XOT$1 Obl J1J151 0IHOTO § HEpaBEHCTBO OYJIET CTPOTUM.

3ameTum, uTo BTOpOE orpe/esneHne ynotpebasercs yalile, Ho He BCeria IpUMeHUMO, TOCKOJIbKY
JBe (PYHKIMH TTIOTePb MOTYT ObITh HecpaBHUMBI. Hailla 1esib — ykasartb 1o BO3MOXKHOCTH GoJiee 111~
POKHIi KJIacC OLIEHOK, B KOTOPOM BO3MOXKHO OTBICKATh OLIEHKY ¢ MHHUMaJIbHOH (DyHKIIMEH MOTeph.
Jpyrumu cioBamu, rpacduk 3Toil PYHKIMH 10J2KeH ObITh HU2KHEH orubatoliei 11 pyHKIME MoTephb
BCeX OLIEHOK U3 pacCMaTpHUBAEMOro KJacca.

Onpepneaenue. OleHKa HasbiBaeTcs Hecmeuwjerrol, ecau Eqgf: = 0,V0 € ©. Ecain 0 =
0 + b, (0), TO OlIeHKA HA3bIBAETCS CMeUeHHOI, a b, — ee cmeujeHue.

Jlns HecMeleHHOMH OLeHKH 6p- () = DOy .3ameTum, uTo NOHATHE HECMELLEeHHOCTH H COCTOs-
TeJbHOCTH He CBsi3aHbl. Hanpumep, s myaccoHoBCcKoTo cemelicTBa pacrpenesnenuit {my } npume-
pPOM HeCMellleHHOH OLIeHKH siBJIsieTcs ¢ = xp, IPU 3TOM, OUEBM/IHO, 3/1eCh HET HUKAKOH COCTOSI-
TEJIbHOCTH.

Mpumep. Cpasuum ouenku 0 = 2X u 0 = T(p) JUIsl TapamMeTpa 6 paBHOMEPHOTO pacrpeje-
Jenust Ha otpeske [0,6], 6 > 0. [lnsi nepBoil OLEeHKH

- 2 0
Egez = 2E9X = —nExl =2-—=40.
n 2

CuyienioBatesibHO, OlleHKa HecMellleHHasi. 3HAUuT, (hYHKIHUS MOTePb JJIS STOH OILlEHKHU COBMAJaeT C
JIUCTIEpCHEN.
Ynpaxnenue. [Tokasats, uto owenka 6, = T(n) CMELLEHHASA M BLIYUC/IHTD €€ CMelleHHe.
BepHemesi K HallieMy pUMepy H Ha#ieM QyHKIHH MTOTePb Uit 00€MX OLEHOK:

— 4 4 4 . (0\?\ 4/0* 02\ 46> ¢

Tak Kak F,, = ()", 10 Py = 5 (£)", 1 Mb nostyuaem

0 0
n—1
X, (0) = / (t —0)°px,, (t)dt = / (t* — 20t + 92)"7;” dt,
0 0

OTKYy/a CJIEAYET

n g2 207 +2 g2 62
0z (0) = — — + = )
) o \n+2 n+l n (n+1)(n+2)
CpaBHuBasi PyHKUMH NOTEPb, Mbl Aej1aeM BbiBoJ, uTo OMIT Ha nopsiiok TouHee (110 7) AJ1s1 JaHHOTO

napaMeTpuyecKoro KJjaacca pacrpeaesneHni. 3aMeTuM, uTo Npu k # 1 aBHO HAUTH (YHKLUIO OTEPb
JUIs1 OLLEHKH 110 METOJly MOMEHTOB BeCbMa 3aTPYAHUTENbHO, TAK KaK HHTerpasl

// {/(kﬂ)%zzf—e Qeindz

[0,61™

HE BbIUYHCJIAETCSA B AIBHOM BHJEC.
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AcUMINITOTHUECKH HOPpMaJIbHbI€ OLL€EHKH.

Onpepnenenue. Ouenka 0 HaspiBaetcst acumnmomuuecku Hopmasoroid (AHO), ecan npu
n — oo

V(0 —0) = n e N(0,0)

JIJIs1 HEKOTOPOTO 0. DKBUBAJIEHTHBIM OIpejiesieHueM Gy1eT

0 —0
%:noeN(O,l),

riie o(6) HasbIBaeTcst KOAuyuenmom pacceusanus WM KodghpuyueHmomn acumnmomuye-
CKOU HOPMANLHOCTU.
Ynpaxnenue. [lokasars, uro so6asg AHO Gynet cocTosiTesIbHOM.

Hanomuum, uto Hamu Oblyia J0Ka3aHa TeopeMa O TOM, uTo cjabasi CXOAUMOCThb &, = & npu
ycqioBuu, uto sup,, E|&,[1([€,] > N) — 0 npu N — oo (yc/i0BHEe paBHOMEPHON HHTETPUPYEMOCTH ),
BJleueT 3a cOO0H CXOIUMOCTb MOMEHTOB

CuJie10BaTe/IbHO, CJIH MOC/IeI0BATENbHOCTh &, = n(0F —0)? y1oBaeTBOPSIET YCAOBHIO pABHOMEPHOI
unTerpupyemocty u 6% — AHO, 1o Mbl ostyunm &, = 1%, rien € N(0, o). Torna npu BbIoJIHEHHH
YKA3aHHbIX YCJIOBUH

ndp: (0) = Egu (07 — 0)> — En® = o>

10 O3HAYa€T, 4To IIPpHU n — 00 UMEET MECTO CJie/iylollasi 9KBUBAJ€HTHOCTb!:

a*(0)

n

bo; (0) ~

[TosTOMy ecTecTBEeHHbIM Npe/CTaBISIETCS Caeytollee TPABUIIO CPABHEHHS OLEHOK:
Onpepeaenue. [1ycts 07, u 0, — nse AHO. Torna 0} | «ayuuwe» 6, ,, ecnu nist mo6oro 6

a1(0) < o9(0).

JIpyriumu CJI0BaMH, Mbl C(hOPMYJIMPOBAJIH TaK HA3bIBAEMbIN ACUMNMOMUYECKUL N00X00 K CpaB-
HEHHUIO OLIEHOK.

Mpumep. [pu yenosuu Eg?(z1) < oo cratuctuka g(x) sBJISIETCS aCUMIITOTHYECKH HOPMAaJlb-
(x

HOM OLIEHKO IS COOTBETCTBYIOlIero MoMenTa: 6% = g(z) — 6 = Eg(x1). B camom nesie, B cuiy
LEHTPAJIbHOU MPeJe/bHON TeOPEMbl UMEeM

n

Z 9(x;) — Eg(z1)
Vil —6) = =——= =1 € N(0,0),
rie 02 = Dg(x1) — K03 dHULHEHT paccerBaHHusl.
Teopema (o cynepnosduuuu). [Tycmeo 0}, ﬂp0u380ﬂbﬂaﬂ~AHO, Koagguyuenm pacceusa-
Hus komopolii o(0) > 0 nenpepoisen. Toeda cynepnosuyus 07, = H(0:), ede H € C'(U,suppFy:)

u H'(0) # 0 npu scex 0, 6ydem AHO 0aa napamempa § = H(H), npuuem noseiti koaguyu-
enm pacceusanus sviuicisemes no gpopmyre & = o|H ()],
JIOKA3ATEJIbCTBO. [To hopmyJie KOHEUHBIX PUPALIIEHHH TTOJyUaeM

V(05— 0) = Vn(H(05) — H(0)) = H (6;)v/n(05 — 0),
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re min(0%, 0)) < 07 < max(6*, 0)).

Panee mbl ormMeTnan, uto Besikasi AHO siBsietcsi cocrositesibHOM, T. €. 6% — 6. B cuity raaxo-
cTH yHKumy H 1o “npuHLKMy ABYX MUAHIMOHepoB” nogyuaem, uto H (0%) — H'(6).

Bocrosib3yemest clieyiolm yTBepKIeHHEM U3 Kypca TEOPUH BEPOSITHOCTEN: ecyin &, = & U
Nn — ¢ = const, T0 £,m, = c£. B nawewm cayuae n, = H (6%),c = H (0). Torna u3 npuseieHHOro

p
YTBEPAKJIEHHUS CJIEyET, UTO

V(0 —0) = H (0)n,

rie 7 € No). Torna no ceofictBy HopmasbHoro pacnpenenenus o> = DH (0)n = (H (0))%0.
Cuaenopatenbho, o = o|H (0)]. O

Caencteue. Bee oyenku 0 , = ((k + Da*)5 k € N, agasiomes AHO 0as napamempa 0
pasromeproeo pacnpedesenus Ha ompeske [0,6].

B stom cayuae H(t) = ((k+ 1)t)Y*5 ¢t > 0u §F = xF — 370 AHO. -

Bbiuncsinm ko3 dHUiLMeHT paccerBaHusi o BHYTPEHHEH aUIMTHBHO# OLIeHKH T

2
2 ka _ Eka B (Exk>2 _ 92k B ok _ G2k . |2
! ! ! 2k + 1 k+1 (2k + 1) (k + 1)’

Kpowme toro, H'(t) = (k + 1)/k¢l/k=1g=1,

* ok
[Tockoabky 67 —

H/( ok )_(k)—f—l)l/k( ok )l/kl' ok . L B 0 .
k+1 k k—+1 (k+DvV2k+1 V2k+1

BbiBoz: uem Gosiblile k, TeM TOuHee MoJiydaeTcsl oleHKa. HamoMHuM, uto B npenese Mbl UMeeM
lim ((k + 1)Ik)l/k = T(n)- ]
k—oo

Panee 6bly10 MOKA3aHO, UTO MPH HEKOTOPBIX MUHUMAJIbHBIX OTPAHUUEHHSIX CTIPABEIJIUBO CJIE/y-
[olllee aCUMIITOTHUYECKOe NpeacTaBaeHre s pyHkimu notepbr AHO:

TO

Oanako GyHKUMSA TOTEPb A/Is1 T () UMEET HHOH MOPANOK 110 N

5 = 26°
o (1) (n+2)

Pasymeertcs1, 310 He siBJISieTCs J0KA3aTeILCTBOM TOTO, UTO Z(,) He AHO. Jlokaxkem 310 hakT Hanpsi-
Myt0. 3aMeTHM, UTO /151 I0GOTr0 7 ¢ BEPOATHOCTDLIO | BHITIOMHACTCS HEPABEHCTBO /1 (2 () — 0) < 0.
Ho ecau 6b1 () 6b11a AHO, T0 npenenbnas ciyuaiinasi BeMunHa 1) umesia Gbl pacnpesiesienye
N(0,0), koTopoe cummMeTpruuHO. MIHBIMH cl0BaMH, Tora 6bl MMeJI0 MECTO COOTHOLIEHHE

P(V/n(zgpm) —0) <0) = P(n <0) =1/2,
4ero He MOXKET ObITb.

JlocTaTouHble CTATUCTUKHU.

Onpepnenenue. Cratucrika S = S(X) HagbiBaercss docmamourotl 0431 napamempa 6, ecaiu
ycJoBHOe pacnpenenenne Bbioopkn Py(X € A|S) = g(A, S) npu dukcaunn S Kak ComyTcTBYIO-
1tero HabJIt0IeHHs1 (BO3MOXKHO, MHOTOMEPHOT0) He 3asucum om napamempa .
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JlocTaToyHOCTh O3HAYAET, UTO B CTATUCTHKE S COAEPXKUTCS BCsl HHOpMaLysi 0 BbIGOPKE, J10-
CTaTOYHOM JIJIsl IOCTPOEHHs ONTHMAJIbHBIX OlleHOK. JlasibHelas KOHKPeTH3aLysl MOJ0KEHHUsT Bbl-
GOPOUHBIX 3HauUeHHI OeccMbicyieHHa. Ecii BbIG0pKa U3 IMCKPETHOTO pacripeesieHusi, TO B Bbillie-
MPUBEJICHHOM OTIpe/ieJIeHH BMECTO OPTONPOEKIIMH MOKHO HCTOJIb30BATh KJIaCCHUECKOE YCJIOBHOE
pacnpenenenue Py(X € A|S = s;), KOTopoe MOKHO MHTEpPIPETHPOBATh KaK pacrnpeseseHne Ha
MOBEPXHOCTH S = s; B BBIOOPOUHOM MpocTpaHcTBe. Ecau S — jpoctaTouHasi cTaTUCTHKA, TO 3TO
pacripejieieHle He 3aBUCHUT OT NapaMeTpa ¢ Mpu BCEBO3MOXKHbIX 3HAUEHHUSIX S;.

3ameuanue. Cratuctuka S = X sABJsieTCs 10CTaTOUHOH BCeryia.

[Mpumep. [Tokaxkewm, uto cTaTucTHKa S = nT SIBJASETCS JOCTATOUHON JIJIs MapaMeTpa A kJjacca
MyacCOHOBCKUX pacrnpeesieHuit {my }a~o. O6acTbio 3HaAUEHHIT HCC/IeLyeMOll CTATHCTHKH SIBJISIETCS
MHO>KECTBO Z ;.

[lyctb k € Z,.. Torna

PAX =2 S(2)
— Z — A S — ) 9

PA(X = ZS(X) = k) = PA(;(S Xs)(if)k) k) ) PA(S(X) = k)
0, k# S(2).

n
Pacnipenenenne [lyaccona ycroitunBo, nostomy S = > x; € II,,. Takum o6pasom, B ciyuae k =
~
n K3
= S(Z) = >_ z; BHINOJIHSETCS] COOTHOLIIEHHE:
i=1

CJieoBaTeNMBLHO,

|n| P,\(fﬂl = Zi) Y
= nEINF k!
Py(X =2S(X) =k) = = - ¢ _

N PA(S(X) = k) e~ (n))k ﬁ 2! B nk ﬁ Zi!.
i=1 i=1

[TocsienHee BblpaxkeHue He 3aBUCHUT OT A MPH BceX k U Z. 3HAUYUT, CTAaTUCTHKA S 10CTaTOYHASs].

Ynpaxuenue. /[aTb HHTEprpeTaLMIO C BEPOSITHOCTHON TOUKH 3PEHUS CJIEIYIOLLEro Bbipaxe-

HHUSL:
k!

n Y
nk I 2!
i=1

n
ek =Y z.

i=1
Teopema (Daxropusaunonnas reopema Heltmana—®uiepa). Cmamucmuxa S ssasemces do-
cmamoyroi 0aa napamempa 0 moeda u moavbko moeda, Koeda yukyus npasdonodobus
Ux(0) donyckaem ¢paxmopusayuio

Uy (0) = (S, 0h(X) n.n.,

ede kascoas u3 hyrnkyui ¢ u h 3asucum moabKo Om YKa3aHHolx apeymermos.
JIOKA3ATEJIbCTBO. [IpoBesiemM 10Ka3aTeIbCTBO TEOPEMBI TOJILKO JIJIsS TAPAMETPHUECKOTO KJ1ac-
ca JIMCKPETHBIX pacrpeiesIeHHi MPH YCJIOBHH, UTO KX HOCUTEJIM He 3aBUCST OT apameTpa.
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HocTtaTouHocTh. Hawm paccyxxneHus BHoJiHe aHAJOTUUHbBI TOJBKO UYTO TMPOBEIECHHLIM B pac-
CMOTPEHHOM BbllLIe TpuMepe. Mmeem

( n
[1 Po(z; = 2)
i=1 5
Py(X=25=s; , 8 =5(2),
Py(X = 2|5 = 5;) = Q(PO(SZ: » ) _ ) TP, (S =) (2)
0, Si 7é S(E)

\

3anuiieM (yHKLHIO PaBaoNoao6Hs Ui TMCKPeTHbIX pacnipenetennil: Vz(0) = [[ Po(z; = 2).
i=1
HMcxons U3 ycaioBuil Teopemsl,
W0) = p(S(2), 0)h(5) 1

Takum o6pasom, B ciyuae s; = S(Z) umeem

N ) R 1 W) /R )
R i 70 S R UL )

[Tocsiennee BbipaxkeHue He 3aBUCUT OT NapamMeTpa ¢, uto u TpeboBaJioch Noka3ath. [
Ynpaxunenue. /Jokazatb He0OXOMMOCTb PUBEACHHON TEOPEMBI.
[Mpumep. Oynkuus npasaononobus Wy (A) ais myacCoHOBCKOTO ceMelcTBa pacrpeieseHuit
{mx} x>0 UMeeT BUI

nT
A ef)\n

Ux(A\) =—
i=1

n
[Tonoxum (T, \) = \"@e " u h(X) = 1/][] z;!. Torna cratuctika S = nT sABJAETCS 10CTATOU-
=1

o

HOH.

Caencreue. [Tycmo S : X" — RF — docmamounas cmamucmuka. Ecau omo6pascerue
g : R¥ — R™ — gzaumno-odnosnaunoe, mo S' = g(S) maxace 6ydem docmamounoil cma-
MucmuKou.

JIOKA3ATEJIbCTBO. Jleiicturesibho, ¥x (0) = o(g71(S"), 0)h(X) = (S, 0)h(X) nn. O

Caencrue. Oyenka makcumasbHo2o npasdonodobus asisemces yukyueti om docma-
MOUYHOU CMAMUCMUKLL.

JIOKA3ATEJIbCTBO. JleiictBuTesbho, 6, = argmaxp (S, 6). Tak uto ykaszaHHas sKCTpe-
MaJibHast TOUuKa OyJIeT 3aBUCETh OT BbIOOPOUHBIX 3HAUEHHUH TOJIbKO Yepe3 CTaTUCTUKY S. [

[Mpumep. Bapuauyonnbii psin 6yeT 10CTaTOYHON CTATUCTUKOM.

[Mpumep. PaccMoTprm napameTpuueckoe ceMeiicTBO HOpMaJIbHbIX pacnpeenenuit { N (a, o)},
rie « € Ruo > 0. [Toctpoum IByMepHYIO 10CTATOUHYIO CTATUCTHKY /st apamerpa 6 = («, o).
Boiuncinm yHKIMIO MpaBiono1o6us

2

n (xz — a) n 9

1 —1 1 1 — no
Uy (0) = S D ——_(n2® —nFa) - 22
x(0) (0 27T> exp{ 557 } (U 27r) exp{ 52 (nx? — nTa) 202}

[Tonoxum h(X) =1wu

1 "  R— no?
_ _ 2 _ p7a) —
(S, 0) (a 27r> exp{ 5,2 (nx? — nTa) 5,2 },
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re S = (z2,T). CorsacHo Teopeme Heitmana — ®uiliepa BeKTOpHast cTaTHCTHKA S sIBJISIETCS J10-
CTATOYHOH 17151 napameTtpa 6.
Hanomuum OMIT nBymepHoro napamerpa HOpMaabHOTO pacrpeieseHust:

-~ _—

2= (D)2,

=7.

Q

Q)

Craructuka S; = (@, 0?) ToxKe OyaeT 10CTATOYHOH MOCKOJIbKY SIBJSIETCS B3aUMHO-0HO3HAYHBIM
oToOpaKeHUeM yxKe MOCTPOEHHOM JIOCTATOUHON CTATUCTHKH S.
YnpaxHeHnue. [TocTpoutb cKaIsipHYIO IOCTaTOUHYIO CTATHCTHKY JUIst mapamerpa (o, o).

yﬂqueHl/le OIE€HOK C NOMOLIbIO JOCTATOYHbIX CTATUCTHK.

B cooTBeTCTBHM CO CpEIHEKBAIPATHUHBIM MOJIXOIOM Mbl MILIEM HUXKHIOK OTHOAIOLILYyO 1151 PYHK-
it otepb dp+ (0) = Ey(07; — 0)?, oLieHOK U3 TOro HJIM HHOTO KJacca. BosHHKaeT 3aKOHOMEPHBIit
BOMPOC: B KAKOM UMEHHO KJlacce OLEHOK HCKaTh HaW/Iyullylo? PaccMOTpUM KJacc BcexX OLEHOK ¢
KOHeUYHBLIM BTOPbIM MoMeHTOM. [lyeth 0 = const = 6, € ©. Torna dg: (¢) = 0 npu 6 = 6. Tak
Kak y MPOM3BOJILHO, TO 9TO O3HAUAET, UTO UCKOMasi HUXKHsisi orubaioliasi 10JkHa ObITh TOXKJIe-
CTBEHHbBIM HyJieM. B cBOI0 ouepelib, 3TO 03HAUAET, UTO HCKOMasi HaWJTyulliast OLleHKA TOKIEeCTBEHHO
COBIAJIa€T C MapaMeTPOM, Uero He MOXKeT ObITh (Jio6asi OlleHKa He 3aBUCHT OT rapamerpal). DToT
NpUMep MoKa3bIBaeT, YTO HEOOXOAMMO CY3UThb KJ1acC pacCMaTPUBAEMBbIX OLIEHOK.

[Tpexkze Bcero oTMETHM OJIHO 3aMeuaTesibHOe CBOHCTBO JIOCTATOYHbBIX CTATHCTHK.

Teopema. [Tycmo S — docmamounas cmamucmuka. Toeda 0aa npouseoavrou oyerku 0,
C KOHeUHbIM 8MOpbim momenmonm pyukyua 05 = E(0%|S) sasucum moavko om svibopku,
m. e. A643emcs OyerKol, npudem dp:(0) = dp: (0) npu scex 0.

JIOKA3ATEJIbCTBO. 3aMeTum, uTo ecyii S — JA0CTaToYHast CTATUCTHKA, TO YCJOBHOE pacrpe-
nenenne Py(0F € A|S) npu pukcupoBaHHOM S He 3aBUCHT OT mapaMerpa . A Tak Kak yc/JoBHOe
cpejiHee ecTb U3BECTHBIH MHTErpaJl OT COOTBETCTBYIOLLErO YCJIOBHOTO pacipeieseHus, TO H OHO He
OyJleT 3aBUCEThb OT [apamerpa.

Hasnee, npeictaBuM GyHKLHMIO NOTEPb 15 0 cyeiytoluM 00pas3oMm:

bo: (0) = Eg(07 — 0)> = Eg(0; — 0 £ 0%5)* = Eo(05 — 07)* + b0 (0) + 2E¢(0;, — 05)(05 — 0).

BcnoMHuM, uTo /151 CKAJISIpPHON CJIyuyalHOW BeJMUYMHBL £ U BEKTOpA COMYTCTBYIOLIMX HAOJI0IeHUN

1 umeior mecto opmyabt: E¢g(n) = E(E(Eg(n)|n) = gn)E(E]n). Monoxum & = 6, — 05 n
g(n) = go(S) = 0% — 6. B pesynbrate nmeem

Eq(0;, — 05)(05 — 0) = Eo(9o(S)E(0], — 0515)) = Eo(g6(5)(E(6;,|S) — 05) = 0.
Takum oGpasom, dg; (0) = Eq(60;, — 0%)* + dox (0). Tax kak Eg(0), — 05)* = 0, 10 0 (0) > g2 (6). O
[loHsiTHE MOJHOTDBI CTATUCTUKH.

Onpeaenenne. CtaTuCTHKA S HA3BIBAETCS OAHOL OMHOCUMEAbHO NAPAMEMPULECKO2O Ce-
meticmsa { Fy}gco, € st 060K H3MepUMOi (yHKIMH g Tako#, uto Egg?(S) < 0o, TOXKIECTBO
(o napametpy 6) Eqg(S) = 0 BJeuer 3a co60ii g(-) = 0 M0YTH HaBepPHOE OTHOCHTEJILHO KAXKI0T0
pacnpejieJieHusi U3 pacCMaTPUBAEMOr0 MapaMeTPUUECKOro KJacca.

Mpumep. PaccmoTpum myaccoHOBCKOE MapameTpuueckoe ceMeicTBO {my}yso U CTATHCTUKY
S = nZ. Kak Mbl y2Ke 3HaeM, OHa sIBJISIETCST JOCTATOUHOH /15 apamerpa A. Mccenyem ee moJiHoTy.
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Pacnpene.neHHe HyaCCOHa YCTOﬁqHBO OTHOCHUTEJIbHO CBEPTKH, [TOITOMY nr = E Ti ™~ Tp)- TOUIZI
i= 1

k
E,g(nT) = Z g(k) =5 ”A) —nA Pacemotpum Toxiectso Eyg(nZ) = 0, otkyaa Z g(k )(”2!) =0
k,_
JUIS BCeX A > 0 Ecau BBecTH 0603H31{6HI/I6 Z = M, TO ITOCJIe/IHEE BbIpaXKEHHE MePeNuILeTCs B BU-
JIe S9KBHBAJIEHTHOTO TOXK/IECTBA Z g(k ) = 0 npu Bcex z > 0. Dto BJeuer 3a coboit g(k) = 0, Tak

KaK CTEINeHHOH psifl siBJIsieTCst aHaJmTquCKoﬁ (yHKILIMEH, a U3 TEOPEMbI €IMHCTBEHHOCTH CJIEJIyeT,
uTO BCe KOI(M(MUIMEHTBI STOrO Psijia PaBHbI HYJIIO.
[Mpumep. Paccmorpum napamerpuueckoe CeMeﬁCTBo {U10,0]}950 1 OMIN 0, = x(,,). HoKaxkem

n—1
TOJIHOTY 9TON cTaTHCTHKH. Mimeem Egg(z () f g(t)™— dt = 0. CiiefloBaTe/IbHO, /ISl Ka2KJ0T0

2

0 > 0 10J/KHO GbITh BHIMOJHEHO COOTHOLIEHHE fg(t)t"‘1 dt = 0, ua xoroporo [ g(t)t"'dt =
0 01

0 nast Beex 01 < 6. TTockosbKy HHTerpas Kak yHKIHS MHOXKeCTBa (00J1aCTH UHTErpUPOBAHHUS )

00J1alaeT CBOUCTBOM CUETHOH a/UIMTUBHOCTH, TO OTCIOJIa CJIEIYET, UTO sl JIoOOro 60pesieBCKOro
MHOxKecTBa A € BB BepHO anasoruuHoe yrepxiaenue: [ g(¢)t" 1 dt = 0. Jomyernm, uto g(t) # 0
A

MOYTH BCIOJYy OTHOCHTENIbHO Mepbl JleGera. Tem cambim, onHo U3 MHOKecTB, AT = {¢ | g(t) > 0}
i A~ = {t | g(t) < 0}, nmeer nosioxkutesbHyto Mepy. [Tyctsb st onpenesennoct A(AT) > 0.
Torma [ g(t)t" ' dt > 0. TIpoTuBOpeune ¢ paBeHCTBOM HHTErpasa HyJo Ajs Kaxaoro A € B.

+

OcHoBHOe cBOWCTBO. [Ipu 11060M u3MEPUMOM OMOOPANCEHUU NOAHOMA CMAMUCTIUK CO-
Xpansaemcs.

B camowm nene, nycts S; = f(S) s HeKoTOpO# U3MepUMOl (DYHKILMHK f, Ilie cTaTHCTHKA S
noJnas. Toraa s o60# MHTErpUPyeMOil OTHOCHTENBLHO pacrpeesneHus S GyHKIKUU g oJydaeM
13 TOXKJ/IeCTBA

Eg(S)) = Ego f(5) =0,

uT0 g o f = 0 MOUTH HABEPHOE OTHOCHTEJILHO pacnpe/ie/ieHusl CTaTUCTUKK S JUIs JII0OOTr0 3HaUeHHUs]
napaMmeTpa, uTo U 03HauyaeT TOXK/ECTBEHHOE PaBEHCTBO HYJI0 (DYHKLMH ¢ MOUTH HAaBEPHOE OTHOCH-
TeJIbHO pacrpenesieHus Sy.

[locTpoeHue ahpeKTHUBHBIX OLIEHOK.

Onpepeaenue. [1yctb 3a1an knace K OLEHOK ¢ KOHEUHBIMH BTOPBIMH MOMEHTaMH, T. €. K C
C Ly(Q, P). Ouenxka 0,, nasbipaetcs aghghexmusroti 6 kaacce I, ecau ais mo6oii ouenku 0 € K
BBITOJIHACTCA HepaBeHCTBO 0 (- ) < dgs (- ) s Beex 6.

[Tyers Ky = {67 | Eg0 = 0 + b,(6) } ecTb Kyacc Bcex OLEHOK ¢ (PUKCHPOBAHHBIM CMeLleHHeM
b, (6).

Teopema. /Tycmo S — noanas docmamounas cmamucmurka. Toeda 0§ asasemcs eOun-
cmeeHnHoll aghhexkmusroll oyenkotl 8 karacce K.

JIOKA3ATEJIbCTBO. HMcnosbayst popmyJty NOJHONH BEPOSITHOCTH /151 yCJIOBHOTO MaTeMaTHue-
CKOTrO OOKHJIaHHs, IPOBEPUM, UTO 0% € Ky

Eof; = Eo(B(07]S)) = Egf = 0 + b, (6).

ITokaxeMm, uto B Kiacce K, CyleCTByeT eIHHCTBEHHAS OLEHKA, NIpejACTaBiMast B Bije: 0, =
g(S). Homnycrtum, uTo 3TO He TakK, T. €. CYLIECTBYET ellle U japyras oueHka g(S) € K,. O6o3Hauum
g° = g — g. Tak kak craructika S — nogias, 10 Egg®(S) = E¢g(S) — Egg(S) = 0, u 3uauwr,
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(QYHKLHMHK § ¥ § COBMAAIOT MOUTH BCIOLY OTHOCHTEJILHO KaXJIOT0 pacrpeiesieHusi paccMaTpuBae-
MOT0 MapamMeTpHUECKOro KJjacca.

Jlanee, NperonoxKum, 4To HMeeTcs oleHka ), € K Takas, uto cylectsyet 0y € O: g (0y) <
06z (6). [Toctponm mast 0, ouenky ¢'(S) = 05 = E(0,]S). B cuny npenvinyueii Teopembi, s
mo6oro 0 € © Bbinosneno: dg () < dgy, (0). B uactHocty, B Touke dy:

59% (90) < 59;1 (90) < 59; (90)

[TocnenHee HepaBeHCTBO MPOTHBOPEUHBO, TaK KaK M0 I0OKA3aHHOMY BbIlle, OLEHKH 65 1 0 10/KHBI
COBIAJATh MOUTH BCIOJLY, a CJIEI0BATENLHO, IOJXKHbI COBMaAaTh X (PYHKIMH noTepb. Takum oGpa-
30M, g, (0) = gz (0) nast Beex 0 € ©. Ocranoch Nokasath, UTO OLEHKHU ), 1 0% COBNAanaloT Kak
otoOpaxeHnus. JleficTBUTENbHO,

Eo(0), — 05)* =Eg(0/, £ 0 — 0%)* = o, (0) + 0o (0) — 2Ey(0), — 0)(05 — 0) =
= 09, (0) + d05,(0) — 2E4(05 — O)E((6,, — 0)|5) =
= 0g;,(0) + 05.(0) — 2Ey(05 — 0)(E(0,]5) — 0) =
= gy, (0) + 095 (0) — 2Eq (05 — 0) (05 9)
—0)=

= 0, (0) + doz, (0) — 2E¢(05 — 0) (0% 893 (0) — 2E4(0g — 0)* = 0. O

[Mpumep. Paccmorpum napamerpuueckoe ceMeicTBO {7y faso. CTaTHCTHKA S = nT siBJseTCs
noJiHo# U octaroutoil. Tak kak Ey (Z|nZ) = T, T0o T GyleT eIMHCTBEHHON HeCMEIlIeHHOM OLIEHKOH.

Caenctsue. [Tycmeo 0, — noanas docmamounas ouenka. Toeda 0, seasemces edurcmeae-
Hotl aghhexkmusHotl oyernkoil 8 karacce Ky,

JIOKA3ATEJBCTBO. Ey(6,]0,) = 6,. O

CaenctBue. [lycmo 049 HEKOMOPO20 napamempu1ecko2o cemeticmaa pacnpedeseHull cy-
wecmsyrom noanaa docmamounas cmamucmuxa S, a maxkace OMII, komopas umeem Ko-
HeuHblll BMOpPOLl MOMEeHM 0451 1100020 pacnpedererus u3 paccmampusaemoo napamemp-
yeckoeo kaacca. Toeda ykasannas OMII 6ydem eduncmsenHoll 3¢hghexkmusHoll oyeHKoll 8
coomsemcmayouem kracce K.

JIOKA3ATEJIbCTBO. B kauecTBe cienctBusi pakropudamonton reopembl Hetimana — @uriie-
pa Mbl y2Ke 0OTMeuaJi, uTo 6, = g(S). Ho B custy 13BeCTHBIX CBOHCTB yCJOBHOTO MaTEMaTHYECKOTO
oxunanus Eg(0,|S) = g(S) nu. O

Mpumep. Paccmorpum napamerpuueckoe cemericto {U[0, 0] }o~o. COFJIaCHO caencteuio, OMII
T(n) — ©AMHCTBEHHAs 3((eKTHBHAS OLleHKa B Kiacce Ky, e by, (0) = ——=. OueBuaHO Takxe, uto

oleHKa 0 = ”—“x(n) SIBJISIETCS] €IMHCTBEHHOH 3(DPEKTUBHOM B KJlacce KO.

[lousaTue R-apdeKTUBHOCTH.

B s1OM paspesie MbI MOJIyUHM HIKHIOI OLEHKY /15t QyHKLHH roTepb dg: (6) = Eq(0: — 0)?
napamMeTpUueCcKOM CeMeHCTBe MJIOTHOCTEH MPU HEKOTOPBIX YCJIOBHUSIX pery/sipHocti (R), KoTopble
YTOUHHM TO3XKe.

Teopema (HepaBeHcTBO Pao—Kpamepa). [1ycmo soinoanenol ycaosus pecyraprocmu (R).
Toeda 05 a0boii oyenku 0F € K, = {6 | EO* = 0 + b,(0)} cnpasediuso nepasercmso

(1+0,(0))

%:0) 2 — 10

+ b2(0),

ede 1(0) = Eqy(l,,(0))? — unopnayus duwepa (uiu ungopmayus o Heussecmuom napa-
mempe, codepacauyasca 8 00romM Habrodenui; 30ecy I, (0) = <L log fo(z)).

21



JIOKA3ATENBCTBO. Mmeem Eyf? (X) = / / 0 (2 VU= (O)N(dZ) = G(6), e U=(0) —

dyHkMs npaBaononobusi, a A" — n-KpaTHas npojaakr-mepa. [Ipoauddepenmpyem G no napa-
metpy. Ho 1151 3T0r0 Ham Heo6X0AMMBbI IOMIOJIHUTE/IbHbIE OTpaHrueHus. Harnpumep, /151 BO3MOXKHO-
CTH U dhepeHIIHpOBaHUST MOXKHO MOTPeHOBATDH, UTOObI MapaMeTpUUecKoe CeMEeHCTBO MJIOTHOCTEH
G110 Gbl HenpepbIBHO AUd(epeHIHpyeMbIM 110 NapamMeTpy, i paBHoMepHo 1o § € (0 — e,0 + ¢€)
JIOJIZKHO BBITIOJIHATBCST HEPABEHCTBO

IL2(0)] < go(7)

JJIS1 KaXKI0T0 6 € © 1 HEKOTOPOTO MOJIOKUTENBHOTO € = £(6), npuuem

Eg@s / /995 )\TL(d ) < 0.

Bot 311 ycnoBusi u cocraBusiior (R). [1pu 3THX YCIOBHSIX MOYKHO BHECTH MPOU3BOJIHYIO MOJI 3HAK
UHTerpaJa:

/7

500 [ [aEmoraz) = [ - | A

S

=(0)

= [+ [ DT 0N T) = B, Ly (6).

O6ocHoBaHKe nocsenHero paBeHctsa. [ 1pumensist nepaBenctso Kot — ByHsikoBeckoro u popmyity
KOHEUHBIX MPUpAaILleH i, MbI C TOMOIIbIO yea0BHH (R) mosyunm uist mo6oro A € (0 —e,0 + €)

/. | ./e;;L?(@ - AA) —L=0) g g)anaz)

<\//~-/<e:;<?>>2 o) (d \// [ G @3 aD) < o,

TaK KaK Mbl paCcCMaTpruBaeM TOJIbKO OLIEHKH ¢ KOHEYHbIM BTOPbIM MOMEHTOM:

/ /9* (ON(dZ) < oo.

Tem cambIM, Mbl TOCTPOUJIH He 3aBUCSIILYIO OT A HHTETPUPYEMYIO MAXKOPAHTY /ISt pA3HOCTHOTO
aHaJiora npousBoaHo#. OcTaeTcsi BOCNOJb30BaThCs Kaaccuueckoil Teopemoii Jlebera o mazkKopu-
pyeMo# CXOJIMMOCTH, KOTOpasi MO3BOJISIET HAM BHECTH onepatop JuddepeHIInpoBatus (T. €. npees

no A) noj 3HaK HHTErpasna.
Hanee, nockosbky G(0) = 6 + b, (0), TO

—7G(0) = Eg(0,L%(0)) = 1 + b,,(0).
3amMeTHM, UTO JI/1s1 BLIPOXKJEHHOH CalyuaiiHON BeIMuuHbl £ = 1

El=0—-0+1,b=1-0,b =—1,
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T.e. Egfi L. (0) = 1+ b,(0) = EgL~.(#) = 0. Toraa nosyuaem napy TO1ecTs
EoL'x (0) = EgE0; L'y (0) =0,
Eo0;, L (0) = 1+ 0,,(0),

orkyna (Eq¢(07 — E0)L'(6))* = (1 + b,,(0))?. TIpumMeHHB K JIeBOI YaCTH 9TOTO TOXKIECTBA Hepa-
sercTBo Kowm — Bynsikosekoro (Eén)? < EE2En?, nosyuum

(Eo(6;, — BO;) L (0))* < D - B(Lx(0))".

A rak xak EL(0) = 0u EL(0) = >_ El, (0), To y ciyyaiinofi Besnunnbl L'y (0) BTopoii MOMeHT
i=1

COBIIagaceT C ,[LI/ICHEPCI/IGI;'I. ﬂHCHepCHH B KJlaCcCe HE3aBUCHUMbIX C.quanIHbIX BE&JIMYHUH aJJJUTHUBHA:
n
/ / /
DLY(0) =Y DL, (8) = nDL, (6) = nI(6).

B urore nosiyuaem HepaBeHCTBO
(1+0,(6))°
nl(0)

Hatiném cBs3b Mexxay aucnepcueit u pyHKIMeH noTepb:

DOQ:L =

bo: = Eq(07 — 0 £ EO)? = DO + b2(0),

TaK KaK COOTBETCTBYIOUIMH BTOPO# cMelllaHHbIl MOMeHT paseH (. [

3amMeTuMm, 4To eIMHCTBEHHOE HEPABEHCTBO B IPUBEIEHHOM J10KA3aTe/bCTBE MOSIBJSETCS MPH HC-
noJib3oBaHuU HepaBeHcTBa Kol — byHsikoBckoro. PaBeHcTBO B HEM BO3MOKHO, KOTia JIMOO & U
7 JIMHEHHO CBsi3aHbl, JIMOO MO KpaiHel Mepe OJHA U3 3THUX BEJMUYMH TOXKAECTBEHHO paBHA HYJIIO
(07 = const).

Onpepneaenue. Ouenka 07 us knacca K, HasbiBaercs R-aghghekmugHoil, ec/ii B HepaBeHCTBE
Pao — Kpawmepa nocruraercsi paBeHCTBO.

Caeacrtue. /[aa moeo, umobol 8 Hepasercmase Pao — Kpamepa docmueanroce pasercmaso,
Heobxodumo u docmamouro, umobusl awbo 0 = const n. H., AbO

L' (0) = cn(0) (0% — EO?) n. n.,

ede ¢, (0) — koncmanma.

MauiocoepKaTe/bHbli ciyuail 0% = const 1. H. Mbl HCKJIOUaeM U3 pacecmoTtpenust. Torna Ly (0) =
A, (0)0 + B,(0) + S(X), rne A, B,, — HOBble KOHCTaHThI, a S — HEKOTOpasi CTaTUCTHKA (T. €. He
3aBHcsILLast OT napameTpa GyHKLHs oT BbIOOpKH ). [ToTeHLMnpys nocsenHee paBeHCTBO, MoJydaem,
YTO C HEOOXOAUMOCTBIO (PYHKLIHMS TPABAONOA00HS H0/AKHA 0TYCKATh CJEAYIOLLYI0 PaKTOPH3aLHIO:

Uy (0) = exp{A,(0)0" + B,(0)}h(X) m. .,

uTO siBJIteTCs Kpumepuem R-agpgpexmusrnocmu.

OTMeTHM, UTO

1. R-s¢dekTuBHas olleHKa 6 Bceraa OyieT 10CTaTOYHOH.

2. IlpaBas uactb B HepaBeHcTBe Pao — Kpamepa 3aBUCHUT TOJIBKO OT cMellleHusi b U mapaMeTpu-
4eCKOro CeMeHCTBA.
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3. Jlnst peryJisipHbIX NMapaMeTpuuyeckux cemeicTB U3 R-3hdeKTUBHOCTH ciieyeT 3 heKTHB-
HOCTb (06paTHOe, BOOOI1le TOBOPSI, HEBEPHO).

Mpumep. Paccmorpum napamerpuueckoe cemeiictBo pacnpeenenuii [Tyaccona {11y }. Mbi 3Ha-
eM, uto T — 3 eKkTuBHas olleHKa B K. PyHKIMS MpaBaonoaooms

1_)[\ |e_”’\ = exp nT log A — nA\h(x).
T

Torna = siBnsiercst R-3ddexTuBHoil no kputeputo. [1posepum R-3¢heKTHBHOCTD M0 OMpeeeHHIo.
Hmeewm:

‘I’X()\) =

, I(X) =Dl (N),
1
—1=DI! (\)=~.
= DI, () = 1

Takum O6p830M, B HEPABCHCTBE Pao — KpaMepa JOCTUTAECTCs1 paBEHCTBO.

Mpumep. Pacemorpum HopmaiibHoe pacripenenenne { N, 1) }. OleHka T ssasercs sQheKTHB-
HOM B K1acce Ky. DyHKUMs npaBaonoao6us

Ty (a) = (2;)” S exp {—% S (i a)2} _ (2;)” S exp {—%(—zm + na2)} W),

Hrak, u 1y1d 3TOr0 napamMmeTpuyeckoro cemeictBa T — R-sdpdekTHBHas oLeHKa.
Koutpnpumep. Paccmorpum nokazaresibHoe pacnpenenenne { £, }

ae™ ™ x>0,
fa(x> = {

0, x <O.

(yHKUMS TPaBIONOI00US

_ 1
Uy(a) =a"e ™ = exp{—anZ + nloga} = exp {—anm + nlog a} .
T

3HauuT, olleHka &,, = 1/T He sBJasieTcs1 R-3(hheKTUBHOM, X0Ts siBJIsieTCsl 5P PEKTUBHOI B COOTBET-
CTBYMOLLIEM KJjacce K.

Ynpaxnenue. [[poBeputh Mo ornpeseseHuIo, UTo olleHKa &y, He siBaisieTcst R-3pdekTuBHON (Ha-
TIOMHHM, UTO €CJIM ; UMeeT pacrpesesienue E,, To nZT uMmeer pacnpesenenue Iy, ).

Cea3b R-a(ekTuBHbix ouenok ¢ OMII.

Teopema. [Tpu soinoanenuu ycaosuii peeyaaprocmu (R) ecau 0y — R-agppexmusnasn oyen-
Ka 8 Kaacce Ky, mo ona cosnadaem c OMII: 6% =0,

JIOKABATEJIbCTBO. Tak Kak 0}, € Ko, 10 Dy, = Ey(6;, — 0)* = 55 [Ipu 510M cornacto
CJIEICTBUIO UMEET MECTO TPEJICTABIEHHE
L'y (0) = c(0)(6;, — 6). (1)

Tak kax b, (#) = 0, 10 b/,(#) = 0. Torna u3 nokasatenbcrBa HepaBeHcTBa Pao — Kpamepa nmeem

By (0] — 6) L (6) = L. (2)
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[Toxcrasass (1) B (2), noayuaem c(6)E(0; — 0)* = 1. Crasio 6biTb, Kosdduient c(f) nosoxure-
JieH, T. e. L'y MeHsleT 3HaK ¢ MJ/110ca Ha MUHYC MPH repexoie uepe3 Touky 6 = 6. Takum o6pasom,
TOUKa @ nocTaBJsieT MaKCUMYyM JIOrapupMUUECKOl (yHKIIMH NpaBaonofo6us. 3uauut, 0 = 6,,. [

baiiecoBcKUi Moaxoa K NOCTpOeHHUIO oueHOK. batecoBckue
OLleHKH.

I[O CHX ITIOP B Ka4Y€CTBE KPUTEPHSI TOUHOCTH OLUEHKH Mbl paCcCMaTpHBaJin (byHKLLI/HO [MOTEPb
o * 2
dx (0) = Eo(6;, — 0)~.

[1pu 10CTaTOYHO LIMPOKUX YCJAOBHSIX Mbl TOCTPOUJIH OLLEHKH, JIS KOTOPOH (PyHKLMS NOTEPb SIBJISI-
eTcsl HUxKHel orubatouleil a5l Beex yHKIMH MoTepb U3 HeKoToporo Kaacca. Ho mist moctpoenus
3TOH OLLeHKH HeOOXOAUMbIM YCJIOBHEM SIBJISIETCS [IOJIHOTA, @ 9TO YCJIOBHE TPYAHO POBEPUTD.
Nnes batieca cocTouT B cpaBHeHUU ycpedHeHHoLx (U 838euleHHbLX ) PYHKIIUH TTOTEPb.
Onpepeaenue. [IycTb Ha napamerpuueckom MHOXKecTBe (O, F) 3anaHa kKoHeuHast Mepa Q(-).
Torna ycpeornennas ¢pynkyua nomeps ectb MHTErpaJ

do(by) = /@ 59+ (0) Q(dO).

Onpeneaenue. Ouenka 0, | «ayuwe» 0y, ,(0; | < 05, ,) oTHOCUTEILHO MepbI (), ey 6g (0, 1) <
5@(92,2)-

J10CTOMHCTBOM JIAHHOTO TIOJX0/Ia SIBJISIETCS TO, UTO B KJIacCe BCEX OLEHOK C IByMsI KOHEUHBIMH
MOMEHTaMH (3TO caMblii LIMPOKUH U3 KJIacCOB, KOTOPblE Mbl MOYKEM PacCMaTPUBATh) CYLIECTBY-
eT ONTHMaJIbHAs OLleHKA, MUHUMU3UPYIOLLlas yCpeaHeHHYo hyHKIMIo noTepb. K sta batiecosckas
OYeHKa ONPEJRACTCS NAPAMETPUUECKUM CEMEHCTBOM M YCPEIAHAIOLLIEH MEPOH.

3ameTuMm, uTo 6e3 orpaHuueHus 06LIHOCTH MOXKHO MPeJoJiaraTh, uto () — BepOsITHOCTHAs Mepa
(Tak Kak Bceryia MOXKHO BBECTH B paccMoTpenne mepy Q(+)/Q(©)). [peanonaraem B nanbHeiiiiem,
YTO y 3TOH Mepbl CYIECTBYET MJIOTHOCTb ¢() OTHOCHTENILHO 0 -KOHeUHOH Mepbl p(df) npu yco-
BUH, uT0 © — 3T0 o6sacTh B R W uTO 3ajaHo napameTpuueckoe cemeicTBo miotHocTel { fyloco
OTHOCHTEJIbHO 0-KOHEUHOH Mepbl A(+) Ha X.

Teopema. /[1a 106020 Q) cyuecmsyem baiiecosckasn oyenra 05 : dq(05) = i(?*f do(67).

JIOKA3ATEJIbCTBO. [lo onpesenenuio yepenHeHHON (hyHKLMH TOTEPb sl 060K OlleHKH 67

@)= [ | [ @) -orv=@xaz) | aons)

Tak Kak HHTErpaHT 3TOro MOBTOPHOTO UHTErpaJia HeoTpULlaTe bHAs (PyHKIHS, TO 1o TeopeMe Oy6u-
HH JIaHHBIH MHTErpaJjl MOXKHO pacCMaTPUBATh KaK KpaTHbIN Ha MHOXKecTBe O x X™. [lasiee 3ameTum,
yto q(0) WU+ (0)) OyaeT MJIOTHOCTBIO HA paCIIUPEHHOM NpocTpaHcTBe © X X" OTHOCHTENBHO HOBOH

nponakt-mepbl A" (-)u(+), Tak Kak [ --- [ U (0)A\"(dZ) = 1. CaenoBaresbho, no Teopeme Py-

xn
OUHU

[ [veoxa@emas = [ao) | [ [veoaz) | o) = [ oo =1,
.

OxXxn S)
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TaK Kak () ectb BepositHocTHasi Mepa. Torna dg(67) = E(0) —0)?, rie 0 v 6 — cayuaiinoie seautu-
Hbl HA BBEJIEHHOM PACLIMPEHHOM BEPOSITHOCTHOM MPOCTPAHCTBE, a Mepa () OyeT pacrpe/ieseHnem
(TaK HA3BIBAEMBIM ANPUOPHbLIL) APaMeTpa f . Mbl HILieM OLEHKY 6%, MUHHMH3HPYIOLLYIO BbIDaXKe-
nue E(67 — 6)2.

BenomunM, uto ecsin € — cKajisipHasi ciyuaiiHasi BeJIMUKMHA, 1) — BEKTOP COMYTCTBYIOLIMX HAOJII0-

JieHuit, To Ha opronpoekunu g(n) = E(¢|n) = §A|L(n), rne L(n) = {g(n) | Eg*(n) < oo} peanusyercsi
paccTosiHue OT 3JieMeHTa £ JIo morpocTpaneTsa L(n), T. e.

inf E(¢ - 9(n)? = E(¢ — E(¢]n)).

g(meL(n

M 310 cooTHOLIEHHE BEPHO Ha JIIOOOM BEPOSITHOCTHOM IIPOCTPAHCTBE.
B natuem ciyuae mbl Hilem ien*f E(0r —0). Tycts 0%(X) = g(X) € L(X), T. e. cuuTaem BbIGOP-

n

Ky BEKTOPOM COIYTCTBYIOLIMX Hab.oaeHui. [Tonagaem B yc/10Bust BelllleonucanHol Mozesu. Toraa
CyILIeCTBYeT eIMHCTBeHHAs B Ly otienka 6 = E(#|.X). Ocranoch nousrs, kak cuntats E(6|X).
Hanomuum, uto ecsiu napa (€, ) umeeT abCOMOTHO HEMPepbIBHOE pacrpe/e/ieHue ¢ MI0THO-

CTBIO COBMECTHOTO pacrnpenesenus pe (¢, 2), 10 g(n) = E(&|n) = /tpg(tm)/\(dt), rJle yCJIOBHASs

R
MJIOTHOCTb pacnpeiesienus Bbiuncsieres rno gopmyse baiieca

pe(tl) = % 1) = [ pealt. I,

B Haulem cayuae 6% = E(G\X) = [tq(t|X)u(dt), rne q(t|X) — anocmepuopras nioTHOCTb
&)
pacrpejiesieHus mapametpa rnpu GpuKcaili BbIGOPKH:

q(t)Vx (1)

gq(S)‘Px(S)u(dS)'

q(t|X) =

Takum o6paszom, 3aaua pelieHa NoJHOCTbIO U IaH alrOPUTM MOCTPOEHHsT 6alleCOBCKUX OLLEHOK.
BafiecoBckuil moaxos He JivileH CyObEeKTUBH3MA, TaK Kak BbIGOP () B HAIIUX PaCCyKIEHHUSIX
HUKaK He Obl1 060cHOBaH. Mepy () HHOI/1a HA3bIBAIOT MEPOH YBEPEHHOCTH MCCJlel0BaTelIsl.

Mpumep. Pacecmorpum cemeficTBo HopMaJibHbIX pacnpeneneHuil { N} ¢ a@ € Ny, T. €.
CUMTaeM, UTO MapaMeTp & HAXOJUTCSl B OKPECTHOCTH HyJIsl, SIBJISIICh MOJIOXKUTEJbHBIM W OTPHILA-
TeJIbHBIM C OJIMHAKOBBIMH [LIaHCAMH (C TOUKH 3PEHHsT HCCIeIoBaTe s ).

Broinuiiem ¢gyHKIMIO NpaBaonopo6us

n/2 n/2 ~o )
1 1 1 —nX? — nt
U, (t) = (%) exp <—§ E (x; — t)2) = (%> exp ( 5t tnX — 7)

1 —t?
[Tocunraem arnocTepuopHyto MJIOTHOCTb. Tak Kak ¢(t) = exp , TO BblJeJIsisl TOJIHBIU

o2 202

KBaJpaT Mo NnepeMeHHOH ¢, oJyuuM

(D). (1) = Coexp <_% (t - %)3
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MbI 10JTyYHJTH MJIOTHOCTb HOPMAJILHOTO pacnpe/iesieHust ¢ napaMeTpoM CHOCa Torna BbI-

Xn
n+1/0?
pa)KeHMe JJ1dd MaTeEMATHUUYECKOI'O O2KUJJaHUA €CThb

~ Xn X
E(0lx) = / tq(t|z)u(dt) = -

n+1/c?2 1+ 1/no?
e

[Tpu 6OJIbLIMX 3HAUEHHMSIX BEJMUMHBI no? MoJydaeM 6J1M30CTh otenku K OMIT X.

l/lHTepBaJIbHOG OLUC€HUBAHHE. MCTOIL JOBEPUTEJbHbIX HHTEP-
BaJIOB.

Jlo cux 1mop Mbl HMeJIH JIeJIo C TapaMeTpuueckum cemericTBoM { Fy} (BO3MOXKHO, TIpeacTaBIieH-
HBIM TJIOTHOCTSIMM ) K CTPOMJIH (DYHKIIMIO OT BBIOOPKH 6 (X') TO¥ 2Ke pa3MepHOCTH, UTO U TTapaMeTp
— T. €. TOUKY, B TOM HJIH HHOM CMbIcJie NPUOJIMKAIOLLYI0 HCTHHHOE 3HaUeHHe napaMmeTpa HabJo1ae-
MoOro pacnpeje/ienus. bruia 3anana mepa TounocTH — yHKuUMs notepb dg: (€). I1pu nnreppanbHoM
OLIEHUBAHHWHU B KauecTBe OLIEHKM HEM3BECTHOTO MapameTpa Npejjiaraercs He ojlHa TOUKa, a 11e0e
MHOKECTBO.

Onpeneaenue. [1apa ynopsiouennbix cratuctik (6, (X), 07 (X)) nasbiBaercst dosepumens-
HOLM UHMepB8arom YyposHa dogepus 1 — c (MHOTIIA TOBOPST YPOBHSL €), €CJIM NIPH BCeX 0Obemax
HaOJIIOJICHUH CTpaBeVIMBa CJeyIollasi OLeHKa BEPOSITHOCTH MOKPBITHS CJydalHbIM HHTEPBAJOM
HEHW3BECTHOro napaMmeTpa

PO, <0<0H)>1-¢

[Ipu 3HaKe paBeHCTBA MMONYUYAEM MUHUMAAbHOLIL 008EPUMEAbHbLL UHMePEal.

DTo onpejieieHne 03HAYAET, UTO NPU MaJibIX € (THIHYHbIE TTOPsKK € = 1072 + 107*) cobbiTHe
MO/l 3HAKOM BEPOATHOCTH NPAKTHUECKH JOCTOBEPHO, T. €. C OUEHb BbICOKOH BEPOATHOCTBIO peaJsit-
3yeTcsl IBOMHOe HepaBeHCTBO 0, < 6 < 61 (T. e. N0 CylIeCTBY MOXKHO yOPaTh 3HAK BEPOSITHOCTH! ).

Konetpykuusi onpaBaaHa, ecjiv 10BepUTe/bHbIA HHTEPBAJ 10CTaTOYHO MaJl U ero ajiMHa — O 1pu
I1.H.

n — o0o. B JAHHOM METOJE MbI IMOJIydaeM HE YCPEAHEHHYIO XapaKTEPUCTHKY IMOIPEIHOCTH OLEHKH,
a NMMpaKTUYECKHU NETEPMUHUPOBAHHYIO.

[pumep (Mnmoctpalmst o0CHOBHOTO MpUeMa MOCTPOEHHUS IOBEPUTENbHBIX HHTEpBasoB). Pac-
CMaTpUBaeM OJHONApaMeTpHuueckoe ceMeicTBO { N, 1} ¢ HeH3BeCTHBIM MapaMeTpOM C/BUra. 3aa-
ya: MOCTPOUTH JIOBEPHUTENbHBII MHTEPBAJI 3aJaHHOTO YPOBHS VISl (.

1-it war nocrpoenusi. Paccmorpum ynkumonan G(a, X) = /n(X — «) € N1y — cran-
JapTHBIA HOpMaJbHbIH 3aKoH. XoTs1 Gy, X') IBHO 3aBUCHT OT (v, HO €T0 pacnpedenerue om o He
sasucum.

2-it war. OTMEeTHM MOHOTOHHOCTb M HEMPEPBIBHOCTb MO v 3TOT0 (hyHKLHOHAJA (MPH ITOM 3HAK
MOHOTOHHOCTH J10J12KEH ObITb OJIMHAKOB J/Is BceX X; B JlaHHOM cJgyuyae — yObiBaHue). [lasnee, no
tabsuuam Ny, NOCTPOUM CHMMETPHUHBII IBOHHON Gapbep (B JaHHOM cJlydae pacnpesie/ieHue CUM-
METPHUHO)

P(—t. < Glo, X)) <t.))=1—¢

P(—t. < G(a, X) <t:) =D(t.)) —P(—t.)=1—-20(—t.)=1—¢.

Takum 06p330M, IMMOCTPOCHHE JOBEPUTECJIbLHOTO MHTEPBaJia B AAHHOM IPpUMepe CBOJUTCS K pelle-

2
2 V2

30BaJli CBOMCTBO CUMMETPUH 3TO# pyHKImK: P(x) = 1 — $(—x)).

X
€ 1 2
Huto ypaBHenust &(—t.) = =, e ®(z) = / “Tdt— ¢dynkuus Jlannaca (3aech Mbl HCTOJTb-
-0
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3-ii war. HepasenerBo —t. < G(a, X) < t. pazpeliaeM OTHOCHTEJILHO (v B CHJTy MOHOTOHHOCTH
G(a,-):

— t = 1
X—-—<a<X+—.
Vn Vn
A nockosbky P(—t. < G(a, X) < t.) = 1 —¢, To ¢ TOil 2Ke BEPOSTHOCTbIO OY/1€T BBIMOJHEHO H Bbl-
LIeNPUBE/IEHHOE JIBOIHOE HepaBeHCTBO. TaKUM 06pa3oM, Mbl TOCTPOHUJIH IOBEPUTE/BHBIA HHTEPBAJ
ypPOBHSI IoBepHsi 1 — & st v ¢ rpaHuiamu o, = X — f/‘%, of =X+ 1=

3ameuanue. Eciu pacemarpuBath He {N(a1)}, @ {N(a,00)}, T€ 0p H3BECTHO, TO HCMOJIL3YeM

V(X - a)

0o

caenytolil pyHkmonan G(a, X) = € No,1). B urore nosyunm

~ UOts ~ UOte
PlX— <a< X =1-—-c.
( NI i \/ﬁ) )

[1lnpHHa 10BEPUTENLHOTO HHTEPBAJA B IAHHOM CJIydae 200t /v/1, T. €. TOrPelHOCTb NPUOIHKEHUS
napameTpa UMeeT nopsiiok 1/4/n.

Tenepb npuBeiem TeopeMy, OMUCHIBAOLLYIO OOLLYI0 CXeMY MTOCTPOEHHS 10BEPUTENbHBIX HHTEP-
BaJIOB, BCE OCHOBHbIE 3JIEMEHTbI KOTOPOH CoJlepKaTcsl B BbILLENPHBEIEHHOM IIPUMEpE.

Teopema. [Tycmo 0aq danHoco napamempuueckoeo cemeicmsa Fy cyujecmsyem hyux-
yuonar G(6, X), pacnpedesenue komopoeo ne 3asucum om 0. [lpuven ¢pynryuorar G0, X)
umeem cmpoeyio MOHOMOHHOCMb 00H020 3HAKA NO O 04 8C€BO3MONCHOIX 3HAUCHUAX BbL-
bopKku u nenpepoviger no napamempy. Toeda oaa nHaneped 3adarnnoeo € > 0 napa (Heynops-
douennasn) uucer {G1(t, X), G, X)} ¢ yeaosuen PtV < GO, X) < tP) > 1—¢
obpasyem dosepumenvtiolii unmepsar yposus 1 — e, ede G=(t, X) — obpamnas ¢yuxyus
no nepsomy apymermy.

JIOKA3ATEJIbCTBO. [IpoBens skBUBaJieHTHOE NTPeoOpa3oBaHUe HEPABEHCTB MPU MOHOTOHHO
Bo3pacratoleil PyHKUHH G Mbl OJyUHM

P(D < G(0,X) < 1?) = PG (1D, X) < 0 < G (12, X)) > 1 — .

I11s MoHOTOHHO yObIBatolle# pyHKIMKH G MHAEKCH (1) 1 (2) HyKHO TOMeHSITh MecTaMu. [

Mpumep. PaccmatpuBaem HopmasbHoe pacnpenenenue { Ny, }, Tlie o — HeusBecTHo. [TocTpo-

2
. nS n

MM JIOBepUTeJIbHbIH nHTepBas 1ist o2, Ctpoum ¢dynkimonan G(o, X) = —20, rie St = LS a?

g i=1

2
n
L

n
= X2 — BTOpOii BLIGOPOUHbIi MOMeHT. CJle10BaTeJBHO, G(o,X) = 21 0—é = Z . reé; € No,1),
=
&; — HE3aBHUCHMBI. -

Onpeaenenne. Cymma m KBaapaToB HE3aBUCHMbIX OJUHAKOBO PACIPEIEJeHHbIX BEJIHUHH &,
MMEIOLIMX CTaHAapPTHOE HOPMaJIbHOE paclipejiesieHne, uMeeT pacrnpeesenue 2, — Xu - ksadpam
cm cmeneHamu c60600bL.

Torna G(o,X) € x2. [To Tab/ikuam HaxoIuM TOUKH ™ u t2 rakne, uto P(tél) < G(o,X) <

2 .
{ )) = 1 — e. [IpoBens sKkBUBa/NeHTHbIE NPeOOPA30BAHUS HEPABEHCTB MOJYUHM CJIeYIOLLUH 10Be-

PHUTEJIbHBIA HHTEPBAJL:
@0 )
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“OCTpOCHl/le JOBE€EPUTEJbHbIX HHTEPBAJOB 1Jil NapaMETPOB

HopMaJibHOTO pacnpeaenaeHus. Cayuan 1ByX HEM3BECTHbIX
napamMeTpoB.

Jlemma (P. ®uwep). [Tycmo X — cmandapmuoiii nopuanereil sekmop, a C = ||¢;j||lnxn —
opmoeonarvras mampuya. ToedaY = X C asasemcs cmano0apmmolim HOPMANbHbIM BEKINO-
poM.

n
JIOKA3ATEJILCTBO. Ilyetb Y = (y1,...,¥s). 3aMETUM, UTO Y = > xicy It k = 1,...,n.
i=1
B cuily yeTOAUMBOCTH HOPMAJILHOTO PACIIPENJNEHHsI BCE ¥ HOPMAJIbHbI C lTapaMeTpaMu « U o2,
OnpeesuM 3TH MapaMeTpbl, BCIOMHHB HX BEPOSITHOCTHBIE CMBICJT — MaTEMaTHUECKOTO OXKHIAHHUST

1 JIMCTIEPCHH:
a=Ey, = E(Z xicik> = ZcikExi =0;
i=1 i=1

= Dyk = Eyg = E(Z xicik) Z EIZI’JCZkC]k = Z 5zgczkcjk = Z ?k = 1.
=1

,5=1 i,j=1 =

[Ipennocsennuil 3Hak paBeHCTBa HalUcaH B CUJy TOro, uto Matpuila C' opToroHasbHa, U 3HaUuT, ee
CTOJIO1BI 0O0pPa3ylOT OPTOHOPMUPOBAHHBINA HGa3HC.

Ocragioch 10Ka3aTh HE3aBUCUMOCTb BCEX Y B COBOKyMHOCTH. CorjiacHo JieMMe, 10Ka3aHHON
B KypC€ T€OPHH BEPOATHOCTEH, KOOPMHATBI BEKTOPA, HMEIOLLEro MHOTOMEPHOE HOpMaJibHOE pac-
npejiesieHue, He3aBUCHMbI TOTJIA M TOJIBKO TOTJIA, KOT/la OHM HeKoppesupoBaHbl. CJydaiHblil BEKTOP
Y HOpMaJsbHbBIH, OCKOJIbKY OH MpeACTaB/seT cOO0H HEBBIPOXKACHHOE JIMHEHHOE NpeoOpa3doBaHue
HOpPMaJIbHOrO cJyuyailHoro Bekropa X (3TO yTBep:KeHHe TaKKe OblIO J0Ka3aHO B Kypce TeOpHH
BepOsITHOCTEH ). BelunciuM MaTpully KoBapHallii ciyyaiiHoro Bektopa Y':

n

Cov(yr, Ym) = Eyrym = Z Ex;z;cipcim = Z CikCim = Om.-

ij=1 i=1

Takum o6pasom, cayyaiinblil BeKTOp Y ABJSIETCS CTaHIAPTHLIM HOPMaJibHbIM. [
Caencrue 1. [1ycmo sornoanenol ycaosus semmol Puwepa ur < n. Toeda keadpamuunas
n

popna Q(X) = > xi—yi—...—y? He 3asucum om cayuaiinoeo gekmopa (yy, . . ., y,) U umeem

pacnpedenenue x* cn —r cmenenam c60600oL.

JIOKA3ATEJIbCTBO. 3aMeTUM, UTO PaCCTOSTHUE MEKJLy JII0ObIMU JIByMsI TOUKAMH B MTPOCTPaH-
ctBe R™ coxpansiercs npu OpTOI‘OHa.HbeIX HpeO6paSOBaHHHX 3Hauwur, IIJII/IHI)I BEKTOpOB X U Y
cosnanator. Torna Q(X) = Z[E —y— . —yr= Zyl —yr— . —yE = Z y?. B cuity sToro

1=r+1
npeacrapyenus st Q(X) 06a YTBEP2KICHHUS cneﬂchuﬂ OueBHUJIHbI. []

Caencrue 2. [Tycmo X — gooopounsili sekmop uz pacnpedeaeruss N(a, o). Toeda

1) ﬁ ~ Xn 1’
2) C./ly”t(llil'tble BeAUUUHDbL 52 UT He3asucumbl.

JIOKA3ATEJIbCTBO. [IpeoOGpasyem BbIOOPOUHYIO TUCTIEPCHIO:

n

S? 1 o 1 T —TEa,
7 " D= ()



n
~ o 2 ~ =
Paccmorpum nepenopMupoBanHble BeJimunibl Z; = “—* € N(0,1). Torna % =13 (@ — 1) =52
i=1

CaieioBaTe/ILHO,
nS? = (= 2 “ 1 = : 5
?:nﬁ—(x\/ﬁ) :in— %sz :in—yl.
i=1 i=1 i=1
Bekrop (\/Lﬁ, ce \/Lﬁ) MOXKHO JIOCTPOUTH JI0 OPTOHOPMHUPOBAHHOIO 6a3uca, a 3HAYUT, MOXKHO BOC-

cTaHOBHTbL MaTpuity C' 13 emmbl Ouiepa. B cuiy caienctsus 1 nostyuaem, 4o cyyaitnas BeJMunHa
2
125° pacrpejiesieHa 1o 3aKOHy X2 _;.
KBanpatuunasi popma

82 n _ 1 n _ 2 n _
Q(X):T;—QZZ‘T?— %;Iz :;x?—yf

i=1

HE€ 3aBUCHUT OT Yy OIISAATh 2K€ B CUJY CJIEACTBUSA 1. Ocragnoch BCIIOMHHUTDb, UTO Jo0Oble 60p€JI€BCKI/I€
HpeOGpBSOBaHHH HE3aBHUCHMbIX CJIy‘-IafIHbIX BEJIMUHUH 6y1LyT TaKXXe He3aBUCHMbIMH, H 3aMETHTbL, UTO

1 < « Vn_ o

R

= —_— _—— = |:|
e vné< o oyn v "
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[locTpoeHune noBepuUTEIbHOTO HHTEPBAJA AJ1 AMCTIepCUU. BhiluenpuBeeHHOe cieicTBIE 2
YKa3bIBaeT aJropuTM MOCTPOEHHsI JOBEPUTEJNLHOTO HHTEpPBaJIa /sl TapameTpa o Mpu HEU3BECTHOM
2
napamerpe «. Pacecmorpum ¢yHkumnonan G(o) = ”Uiz Torna cornacHo Teopeme 0 MOCTPOEHUH J10-
o 1 2 1 2
BePHTEIbHBIX HHTEPBAJIOB HEOGX0MMMO HaitTh uncaa ¢ u £ takue, uto P(t ) < G(o) < ¢ )) =
1 — €. O6bIYHO rpaHULbl HHTEPBAJA UILYT TaK, YTOOBI BHIMOJHAIUCH COOTHOLIEHHS
Wy = £
P(G(o) <t) = =,
P(G IO R P
( (0) <t ) -+ 5

2
oo, (1 2
,H,.HH HaX02KACHHA 3HAUECHUH té ) H tg ) HCITOJIb3YIOTCSA TabJIULLbI pacnpeneaeHus X%fl'

nOCTpOCHl/le JOBEPUTEJbHBIX T'PAHULL AJISI CPEAHETO.

Onpepeaenue. [1ycts &y, ..., &, HE3aBUCUMbI U UMEIOT CTAHAAPTHOE HOPMAaJIbHOE pacrpejese-
nue. Pacnpenenenue ciyuyaiiHol BeJMUUHBbI

§o

[y e
i

HagbiBaeTcs pacnpedeneruem Cmorodenma ¢ m cmeneuamu c60600ot 1 0603Hauaetcst T,,.
3aMeTuM, uTo JI/Isi He3aBUCHMBIX CalydaiHbIX Besanunn & € N (0, 1) un, € x2, HMeeM

o a &

= Y
m i m
1=

T

1 m
B cuny ¥Y3bY nmeem — E ¢ — 1 npum — oo. Mcnosbays u3BecTHbIE TeOpeMbl Herpe-
m M.H.
i=1
PBIBHOCTH, TMoJiyuaem, uto pacnpejenenre Crbiogenta 7, caabo CXOIUTCS K CTaHIApPTHOMY HOp-
MaJIbHOMY pacipee/ieHHIO TIPU 1m — 0.
Otmetum, uto pacnpenesnerde CTbioJeHTa CHMMETPUUHO.
JLJ1s1 mocTpoeHus 10BepUTEeIbHOIO HHTEPBaJia BBEEM B paCcCMOTpeHHe (hYHKLIMOHAJ

V(T — a)
Gla,X) = +—F——,
So
rie S§ = -5S5% — HecMmellleHHas oueHKa Juia aucnepeun. Jokaxem, uro G(a, X) € T,_y. Heii-
CTBUTEJILHO,
n(r —a«)/o
Gla.x) = YT =)o
S()/O'
CorsacHo caiencTBHIO 2 eMMbl Pulllepa YMCIUTEIb U 3HAMEHATeJb MOCJAeHel 1POOH ABAAIOTCS
HE3aBUCHMbIMHU CJIy4YaliHbIMHU BeinuMHaMi. OKOHUATELHO,

o d €o

ns?_ 1
\/(n—l)a2 \/Enn_1

[Tyerb 7. — kBauTHIbL ypoBHS 1 — /2 (npu ¢ € (0, 1)) pacnpenenenus T,,—1. Toraa rpaHuiibl
JIOBEPUTEJILHOTO HHTEpBaJIa /i1l HEM3BECTHOIO NapameTpa & BbIMVISIST CJeAyIOLUM 00pa3om:

G(OC,X) = S Tn—l'

_ — SOTE
o, =T — \/ﬁ ,
SOTe

af =T+



AcUMIITOTHUECKHE JOBE€EPHUTEJbHbIE UHTEPBAJbI.

Ecaun pacnpenenienue BbIOOPKH He SIBJISIETCS HOPMaJIbHBIM, TO BbILIEONUCAHHAS KOHCTPYKLMS
JIOBEPUTEJbHBIX MHTEPBAJIOB He padoTaeT. OHAKO MPU 3HAUUTENbHBIX 00'beMax HAOMI0IeHHH MOK-
HO MCI0J1b30BaTh aCUMITOTUUECKHUH MOAX0/, KOTOPBIH 10 CYyTH CBOAUT pacCMaTpUBaeMylo 3a1auy K
HOpPMaJIbHbIM BbIOOPKAM.

OnpeneneHue. YnopsiaoueHHasi napa cratucTtuk (6, ,6;") HasbiBaeTCs acumnmomuueckum
dosepumenvHolM UHMEPBANOM YPOBHA dosepusd 1 — &, eciiu

lim P(6, <0<0)>1—c.

n—oo

"OCTpOCHl/le ACUMITOTUYECKUX NOBEPHUTECAbHbLIX HHTEPBAJOB C MOMOLbIO

AHO.

Teopema. [1ycmo 67 — npoussoivHas acumnmomuuecku HOPMAILHAS OYeHKA 04l NApa-
nempa §, m. e. \/n(0;) —0) = n € Ny, 20e koappuyuenm pacceusarnus o(0) nenpepoisen.
Toeda acumnmomuuecKkie 008epUmeNbHble ePAHLLbL ONPedesIOMes o hopmyram

t.o(07)
Qi — 9* + n
n n \/ﬁ )

ede t. — kgaumuab Yyposus 1 — /2 01 cmandapmuoeo HOPMAALHO0 pacnpedenenis, m. e.

d(—t.) =¢/2.

JIOKA3ATEJIbCTBO. [TockosbKy mo6ast acCHMNTOTHUECKH HOPMaJibHAs OLLEHKA COCTOSITe/bHA
1 yHKLMs o (0) HenpepbiBHA, TO

o(6) V(0 —0)

— 1
p

= n c N(071).

BcrnomMHUM JieMMy U3 Kypca T€OpUH BEepOsITHOCTEH: ecan &, = &, 1, — ¢, T0En, = c£. Menonbays
p
9TO YTBEPIK/EHHUE, Mbl [10J1y4aeM

= = n c N(O,l)'
I_IOCTpOQHI/Ie ACHUMIITOTUYECKHUX NOBEPHUTECJ/IbHBIX HHTEPBAJOB HAa 3TOM 3aKaHYHUBaeTCA:

lim P (—te < ynl0, —6) < ts) =P(t.) —O(—t.) =1—-20(—t.)=1—¢
s =0
(ucnosbays cBorictBo $(z) = 1 — ®(—z)). O
Mpumep. [Mycts X € {m\}, 67 = X — acuMNTOTHUECKH HOpMaJbHast olieHKa, o(\) = v/A.
tVX
T

Ynpaxnenue. Hecummerpuunass Monetka 6pocaercs 10000 pas. IToctpouts acumnrornue-
CKHe JI0BepUTe/IbHbIe HHTePBAJIbl /IS TapameTpa p OepHYyJIJIMEBCKOTO pacrpeiesneHus By,

Torna npu GOJBIIMX 7 J0BEPUTE/TbHbIE TPAHUIIBI BHIUMCASIOTCA 110 hopMyiam A5 = X +
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Saﬂ,a‘{I/l NMNPOBEPKHU CTATUCTUYECKHUX THITOTE3.

Onpepnenenue. [unomesotl Hy Gynem Ha3biBaTh Jl000€ CyKJIeHHE O HEU3BECTHOM pacripe-
nesienud. [unore3a HasbiBaeTCsi npocmotl, eClii OHA OJTHO3HAUHO BOCCTAHABJMBAET HEU3BECTHOE
pacnpenenenne: Hy = {Fy = Fy,} uan, B repmMuHax napametpo, Hy = {0 = 6,}.

B npoTtuBHOM cjyuae runotesa Hj, Ha3bIBACTCS CAONMCHOU.

[Ipumep 1. Habsonaemoe pacrpeseneHne umMeeT CTaHAAPTHBIA HOPMaJsbHbBIH 3aKOH, T. €. 6y
ectb BekTop (0, 1) — 1ByMepHbIil mapametp. DTo NPoCTasi TUIOTe3a.

Mpumep 2. Habaonaemoe pacrnpenesenne nyacconopckoe H, = {F € {m\}} — cjoxuas
THIOTE3a.

Bynem paccmarpuBath ciyuaii, Korja NpoBepKa rMroTe3 CBOJUTCS K KOHEUHOMY YHCJTY THITOTE3
(nan6osee uacto — aByx). [IpoBepka o3Hauaer BbIGOp HauboJIee MPaBAONOA0OHON MHITOTE3bI.

Onpenenenune. Cmamucmuyeckuii Kpumeputl 048 NPOBEPKU KOHEUHO2O0 YUCAA 2UNOMeS
— H3MepUMoe 0ToOpaXKeHHe BbIGOPOUHOTO MPOCTPAHCTBA B KOHEUHBIH OTPE30K HATYPAJIbHOTO Psijia:

d: X" —{1,...,m}.

Ecau §(X) = 4, To HOMep i cCOOTBeTCTBYeT THnoTe3e H;.

Uro ke onpesie/sieT KauecTBO CTaTHCTHYECKOro KpuTepusi? HauHeM ¢ mpoBepKH MPOCTbIX THITO-
Tes, T. e. Oynem cuuratb Hy, ..., H,, npoctbiMu. CumBosioM P; 6yjieM 0603HauaTh BEPOSITHOCTh TeX
MJIM UHBIX COOBITHI Ha BBIOOPOUHOM MPOCTPAHCTBE, €CJIM BbIGOPKA pacrpeie/ieHa B COOTBETCTBHU C
1-OW TUIOTE30H.

OuwubKoil i-eo poda Ha3biBaetcsi cobbiTHe §(X) # i npu ToM, uTo runote3a H; BepHa. Bepo-
AMHOCMb OWUOKL 1-20 poOda eCTb BeJIMuMHa

a,(6) = P(6(x) £1), i=T,m.

[Mpumep. [Tycth m = 2. Bpau npunnmaer naumenrta. O6o3naunum runoressl: H; = {310poB},
H, = {6onen}. Beibopkoii siBaisitoTest anausbl. [lannent MoxkeT GbITh 3710pOB, HO aHA/IU3bI TTOKA-
JKYT, UTO OH 60JieH — olKrbKa nepsoro poaa. Moxet 6bITb HA060POT — olMOKa BToporo poja. O6a
cJlydast He OUeHb XOPOLLIHE, HO HeJb351 CKa3aTb, YTO OHU CHMMETPHYHBI.

KauecTBo KpuTepusi xapakrepuayeTcst BeJlMuMHaMU OLLIMOOK ¢-T0 poJia (2KesatesibHo, YToObl Bee
OHU OBl HeOOJILIIMMH, HO 3TO He BCETa Peasu3yemo).

CyuiecTBoBaHMEe ONTUMAJbHOTO KPUTEPHS B cjyuyae ABYX NPOCTbIX TMIO-
te3. Teopema HeiimaHna - [lupcona.

Paccmotpum napamerpuueckoe ceMeicTBO MIoTHOCTEH { fy } OTHOCUTEIbLHO HEKOTOPOH 0 ~KOHEUHOH
mepbl. [TpoBepsitorest iBe npoctble runoressl Hy = {6 = 61} u Hy = {6 = 605}, Tak uto napamer-
pHUECKOe CeMEHCTBO COCTOUT U3 JIBYX TOUEK.

Beenem B pacemorpennn knace K. = {0 | a1(0) < e} — KJ1acc Bcex CTaTHUECKUX KPUTEPHEB, Y
KOTOPBIX BEPOSITHOCTh OLIHGKH MEPBOrO Pojia He MPEBOCXO/IHT €.

Teopema (Hefiman — Ilupcon) B kaacce K. cyujecmsyem kpumepuii 0* ¢ MUHUMANbHOLL
8epOSMHOCMbIO OULULOKU 8MOpPO20 pooa:

az(0") = inf{ay(d) | 0 € K.}

Onmumanvrolli Kpumepuii onpedeasemcs credyouum 0bpa3om:



ede W, (i) — ¢pynkyus npasdonodobus i-eo pacnpederenus. Kpumuueckuil yposeus c. 8ol-
YUCASLeMCS U3 ONpedeseHilsl BePOSMHOCMI OuUUOKU nep8o2o pooa:

P(5*(X)=2) =P (iigg > cg) —c.

[Ipennonaraercsi, 4To Uisi JAHHOTO € TAKOE ¢. HAWAETCS, XOTS JaJeKO He BCerja OHO Cylle-
CTBYET, CKaxKeM, KOTJla pacCMaTpUBaETCs BLIOOPKA U3 IUCKPETHOTO pacrpenenenns. B stom ciyuae
npoGJieMa peliaercs BBEJAEHUEM TaK Ha3bIBAEMOTO paHOOMUIUPOBAHHO20 KPUTEPHSI.

OO6bIYHO OJIHY M3 THIIOTE3 HA3bIBAIOT OCHOBHOLL, a IPYTYI0 — KOHKYPUPYIOUell Ul AlbmepHa-
musHoi. ONTUMaJbHBIA KPUTEPUH 0% TPAAULIMOHHO HA3bIBAIOT Kpumepuem OmHOoueHus npas-
00no0o6ust, TOCKOJbKY OH MOCTPOEH C MOMOIIbIO CTATUCTHKH, 3a7aBaeMoil OTHOLLIeHHeM (PYHKIIUH
paBaONoN00OHUS.

JIOKA3ATEJIbCTBO. as o6oro § € K. nyctb S; C X™ — ob6sacTb npuema neppoi (oc-
HOBHOI1 ) THIOTe3bl, Sy = S| — TaK Ha3blBAEMas KPUMU4ecKas 06Aacnb prueMa KOHKypUpYIoLLei
runotesbl. PaccMoTpuM BepOSITHOCTb OLIMOKH BTOPOTO PojJia KPUTEPHS 0:

a(8) = P(0 =1) = P(X € §)) =

[Tak KaK y BekTopa X ecTb MJOTHOCThL pacrpeenenust ¥ (2), To]

- / T (2N(dZ) = as(6) + / U (2A(d7) — / T (2N (d 7).

S S Sy

O603HaUUM

A= / o (2)N(dZ) — / T (2N (d 7).

S Sy

[Tokaxem, uto A > 0. [Inist Kpurepust 6* cOOTBETCTBYIOLLME 00J1aCTH TpHUeMa rurnoTe3 0003HauUM
uepe3 ST U S;. B nasnbHeiliiem 1t KpaTHOCTH OyJleM HCIOJIb30BaTh COKPALLEHHYIO 3alMCh UHTe-

rpaJio. Mmeem
[eo- [ e+ [ e

S1 SmSS 51057;

[Si = S u na muoxkectse S; N S Boinoaneno U+ (2) > ¢+ (1) — noacrabisieM u noJyyaem
OLIEHKY CHH3Y|

o [ v+ [ v

S1NSE 51187

Jln1st BToporo uHTerpaJa B onpejieseHud A aHaJ0rHuHO MMoJyuyaeM OLLeHKY CBepXy:

Jr=0- [ e+ [ mo<a [ wor [ e

Sy S7NS2 51NSy S7NS2 S7NS

Takum o6pasom,

S1NS3 57NS2
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| [ [wos [wem] =e femm-e e -

51153 SNS2 S5MS3 S S
=c. P (0" =2) — c.aq (6).

CaenoBarenbio, A > c.(e —ay(0)). Tak kak a4 (6) < &, 70 A > 0, uto 1 Tpe6oBasoCh NoKasarh. [

baiiecoBckuil noaxo a5 NpOBePKU KOHEUHOT0 YU CJla MPOCTbIX TMIOTE3.

Mur YK€ OTMETUJIHU, UYTO KaU€CTBO CTATUCTHUECKOI'O KPUTEPHUS AJisd IPOBEPKH KOHEYHOI'0 YHCJ1a
IPOCTLIX TMITIOTE3 OMpeae/sdeTCsa MaJlOoCTbIO BepOﬂTHOCTeﬁ 1-TO poaa

a;(0) = Pi(d(x) #1), i=Tm.

Kak npaBuJjio, MonbITKM yMEHbIIUTb OHY HJH HECKOJIbKO M3 YKA3aHHbIX BEPOSITHOCTEH MPUBOJUT
K Bo3pacTtanuio octapiuuxcs. Cayuait 1ByX MPOCTbIX M'HIIOTE3, ONMUCaHHbIHA B Teopeme Heillmana —
[IupcoHa, cTOUT OCOOHSAKOM.

baiiecosckuil no0xo0 npeajaraeT onpeaeasth JI0CTOMHCTBO TOTO UJIH HHOTO KPUTEPHS He Ma-
JIOCTbIO BEPOSITHOCTEH OLIMOOK -T0 POJIa B OTACJAbHOCTH, a C MOMOILbIO TAK HA3bIBAEMOU 838€ULEH -
HOUl 8epOAMHOCIU OUUOKU:

m
ag(8) = ai(0)g:

=1
31ech 6e3 orpaHMueHust OOLIHOCTH TIPEANoNaraeTes, 4o Habop MOJOKHTEIbHBIX BeCOB {q;; i =
1,...,m} sBIsieTCS pacnpeeseHHeM, T. €. uto Y ¢; = 1. OHO Ha3bIBAETCS ANPUOPHBLM paCHpede-
ACHUEM cUNomes.

OKasbIBaeTcst, uTo MPH TAKOM MOJIXOJIE CYLIECTBYET ONTHMAJIbHbIN KPUTEPHIl, Ha3biBaeMbli Oali-

ecoBCKUM, KOTOPbIF MHHMMH3HUPYET B3BEILEHHYI0 BEPOSTHOCTL OLIMOKH TPH JIF0OOM Harepes 3a-
JIAHHOM arpHOPHOM pacrpe/e/eHHH THITOTeS.

Teopema (bBaiiec). /[ nob6oeo anpuoproeo pacnpederenus Q = {q; i = 1,...,m} euno-
mes batiecosckutl kpumeputl onpedessemcs no popmyaae

S(X) =i, ecan q(i|X) = maxq(j|X).
Ism

ede ‘
Ux(J)g

Zk<m \I’X(k)%'

X

q(j1X) =

3ameuanue. Ha6op BepositHocreil {¢(i|X); ¢ = 1,...,m} Ha3bIBaeTcsi anocmepuopHolm pac-
npedeaernuen eunomes. Tak UTo CMbICJ IPUBEIAEHHOTO YTBEPKAEHHUS JOCTATOUHO PO3payeH — Mbl
BblOMpaeM HanboJiee NpaBioNoL00HYI0 THIIOTE3y C MO3ULMHK allOCTePUOPHOTOo pacnpenenaeHus. [pu
5TOM KCTPeMaJIbHbIX TOUEK y anocTepHOPHOH MIOTHOCTH ¢(7|X') MoxkKeT GbITh HeCKOJIbKO. B 3TOM
cJlyuae MpHUBEICHHbBIN BbILIE KPUTEPHH BBIOUPAET JII0OYIO U3 HUX.

JIOKA3ATEJIbCTBO.CHauaJ/ia Mbl M0JyYHM HHKHIOIO OLIEHKY JUIsl B3BELEHHOH BEPOSITHOCTH
OLIMOKH MPOU3BOJILHOTO KpuTepusi 6. O6o3HauuM yepes S; 001acTb MpHeMa ¢-0i TUIoTe3bl KpUTe-
puem d. SlcHo, uto {S;} o6pasyioT KoHeuHOe pa3bueHne BIGOpouHoro npoctpaHetsa X™. Mimeem



rae
T o—
U(2) =) V=(k)g
k<m
OTMGTI/IM, BO-IIEPBLIX, UTO IIpaBasi HaCTb NMNPUBEACHHOI'0 HEPABEHCTBA He 3a8UCUNT HU OM Ka-
KO2o Kpurmepus. BO—BTOprX, 9TO HEPABEHCTBO IPEBPATUTCS B PaBEHCTBO, €CJIM B KaueCTBE Sz

B351Tb 00J1aCTh IIPUEMA ¢-OH TUIIOTE3bI JIJIs1 KPUTEPUS, ONIPEIETIEHHOTO B TEOpPEME. U
ﬂpOBepKa HpOCTOﬁ runoTe3bl NPOTHUB CJOXHOH aJbTCpPHATHUBDI.

[lycts Hy = {F = F,} — npocras runotesa, Hy = H, = {F # Fy} — k1accuueckas ajbTep-
HaTuBa K Hy (T. e. Bce pacrpe/esieHusi, oTandatoimecs ot Fy).

B napamerpuueckom c/yuae npoBepKH MPOCTOH MUMOTE3bl TPOTHB CJI0XKHOM aJbTepPHATHBbI KOP-
PEKTHO onpejiesieHa BepOSITHOCTb OLLIMOKH MepBOro pojaa. AHaJ0roM BepOsSITHOCTH OILIMOKH BTOPOTO
pona Oyzer (hyHKIHMS OT mapamerpa f, 3ajaBaemasi cooTHouleHueM ay(d) = Py(d # 0). Snechb
Mbl KaK-Oy/ITO POBEPSIEM JIBE MPOCTbIE TUIOTE3bl: 3HAUEHHE HEU3BECTHOTO MapameTpa MnpuHUMaeT
TOJILKO JIBa BO3MOXKHbIX 3HauUeHHs 0y (0CHOBHAS TUIIOTe3a) U O (KOHKYpPUPYIOLLAsl THIIOTe3a ).

Onpenenenune. Oynxuns G5(0) = 1 — ay(d) HasbiBaeTcst mouyHocmoro Kputepusi 0. Ecin B
HEKOTOPOM KJIacCe KPUTEPUEB CYILIECTBYET KPUTEPHI ¥, UMEIOLIMH MaKCUMAJIbHYIO MOLIIHOCTb MTPH
BCEBO3MOKHbIX 3HAUEHUSIX TapaMeTpa, TO * Ha3bIBAETCS PABHOMEPHO HAUOOAe MOUHbIM B yKa-
3aHHOM KJacce.

PaccmoTpuM ojinH crienasibHbIl C/ydai, KOrja B TapaMeTpuuecKor MoCTaHOBKE OCHOBHAS T'H-
noresa umeet Bua Hy = {0 = 6y}, a koukypupytwouasi — Hy = {0 > Oyt Hy = {0 < 6,}. B
3TOM CJlyuae KOHKYPHPYIOLLME THIOTe3bl HA3bIBAIOTCS O0HOCMOPOHHUMU AAbIMEPHAMUBAMU.

Teopema (cyuiecTBoBaHHe paBHOMEPHO HanboJee MOLLHOTO Kputepusi). [lycmo S — Hekomo-
pas docmamouHas cmamucmuka 041 napamempudeckoeo cemeiicmsa naomuocmeil {fy}
co ckaaapHolm napamempon 6. [1pu amom nepsas komnonenma ¢paxmopusayuu Heimarna
— Quuwepa umeem sud

©(S,0) = exp{An(0)S + Bn(0)},

ede pynryus A, (0) monomonna. Toeda cyujecmsyem pagHomepHo HaubOLee MOULHbLI KPLL-
mepuii 04 NPosepKi NPOCMOLL eunomesol NpoOMuU8 00HOCMOPOHHell arvmepramuassl. Ha-
npumep, ecau arvmepuamusa umeem 8ud Hy = {0 > 0y} u pynxyus A, (0) sospacmaem, mo
Kpumuueckas 0baacms 3moeo kpumepus 3adaemcs coomuouleruem S > c., ede kpumuue-
CKULL YpoBeHb c. onpedeasemcs U3 YpasHeHus

P1<S > Cg) =E£.

JTOKA3ATEJIbCTBO. OrpaHuuuMcs c/aydyaem, ONMUCaHHbIM B OpMyJHPOBKe TeopeMbl. Jlpy-
rvie BO3MOXKHbIe KOMOUHALIMU OJIHOCTOPOHHUX aJIbTEPHATHB U 3HAKAa MOHOTOHHOCTH yHKLHH A, ()
paccMaTpuBaloTCs aHaJornuHo. Ecaii Mbl mokazkem, uTo rnpu jto60M (UKCUpoBaHHOM 01 > 0 Hau-
GoJiee MOLIHBINH KPUTEPUH J/1s1 TPOBEPKHU ABYX NpocThiX runores Hy = {0 = Oy} u Hy = {0 = 0,}
He 3aBHCHT OT 0, T. e. OyJeT YHHUBepCcaJbHbIM, TO YTBep:KieHHe OyjleT noKazaHo. B camom nesne,
no Teopeme Heiimana — [Tupcona Kputuueckasi 06/1acTh /st IPOBEPKH JIBYX YIOMSIHYTbIX POCThIX
THIIOTE3 B YCJIOBUSIX HALLIEH T€OPEMbI BBITVISIUT KaK

X_l) = exp{(An(61) — 4,(00))S + (B (61) — Ba(6p))} > ¢.
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WM B 9KBUBaJIeHTHOH dopme: S > c., e ¢. = (A, (601) — An(6o)) ' (logé. + B, (0y) — B.(61)).
$IcHO, UTO ¢, 3aBUCHUT TOJILKO OT Hy 1 . []

Ynpaxunenue. [TlocTpoutb paBHOMEpHO HauOOJee MOLIHBIA KPUTEPUH JI/1s1 TPOBEPKH MPOCTOH
runotesbl H; = {a = 0} npoTuB ofHOCTOPOHHEH asbTepHaTHBbl Hy = {av > 0} 1715 BBIGOPKH U3
HopMaJibHOTO pacripesnesenust N(a, 1).

YnpaxHenue. [TocTpouTb paBHOMepHO HaubGoJiee MOLIHBIA KPUTEPH JIJIst TPOBEPKH MPOCTOM
runore3bl H; = {\ = 1} NpoTHB 0JHOCTOPOHHEN anbTepHaTuBbl Hy = {A > 1} 1715 BEIGOPKH U3
MyacCOHOBCKOro pacripeesenust IT.

[lpuHUKMN MUHUMaAbHOTO paccTosiHus. [TycTh Ha MHOXKeCTBe BceX (DYHKUMH pacrpeeseHust
{F'} 3anana yHkums 1Byx nepeMmeHHbix d(Fy, F»), Ha3biBaeMasi cmamucmuyeckum paccmosmu-
en. JLnst moGbix hyHKIME pacnipesenenust Fy u Fy npenosiaraercst BbIMOJHEHHBIM CJIEyIOLIEE:

1. d(Fl,Fl) — O,
2. d(Fy, Fy) > 0.

IT0 MUHMMaJIbHbIE TpeOOBaHUS (Mbl He TpeOyeM CUMMETPUUHOCTH U BbITIOJIHEHHS] HEpABEHCTBA Tpe-
yrosibHuKa ). Hanomuum, uto no teopeme [nBenko — Kantenin smnupuueckas QyHKIUs pacrpe-
nesenust F¥ ¢ BepOsITHOCTbIO 1 CTPEMUTCS! B paBHOMEPHOH TOMOJIOTHH K HCTHHHOH (PyHKLMH pac-
npenenenust Fy. Paccmorpum nosenenne dyukuuonana d(Fr, Fy). Ecan on o6nanaer cBoicTBOM
HEeMpepbIBHOCTH OTHOCUTEIBLHO YKA3aHHOU paBHOMepHOH ToroJsioruu, 1o d(F¥, Fy) — 0 ¢ BeposiT-
HOCTbIO 1 pu n — 0o. Ecin 370 He Tak, To F{y onpeesieHHO He SIBJISIeTCsI HCTUHHBIM pacrpe/iesieHu -
eM. Mbl NpUILIKM K KOHCTPYKLMH “aCUMITOTHUECKOTO” KpUTepHsi (KOTOPYIO, BIIpoueM, Ha MPAKTHKE
peaJi30BaTh HEBO3MOIKHO ):
OX) 2, d(F}, Fy) 0.

ITO U eCThb ONUCAHUe “Ha MaJsibliax’ TaK HAa3bIBAEMOTO NPUHYUNA MUHUMANBHO0 PACCMOAHUA:
€cJIM Mbl yrajlajd HCTHHHOE pacrpejiesieHne (Han BbiOpaiu GJIM3Koe K HeMY), TO CTaTHCTHYECKOe
paccTosiHue 10J12KHO ObITh MaJ10. KpuTtepun, ocCHOBaHHbIe HA TAKMX PACCTOSIHUSIX, HA3bIBAIOTCS KpU-
mepuamu coeaacusi (OCHOBHOH TMIOTE3bl C IKCIIEPUMEHTaNbHBIMU JaHHbIMU ). Ho 17151 Toro uto6bl
c/les1aTh TAKOH KPUTEPUH KOHCTPYKTHBHBIM, HY2KHO (DOPMAJIM30BaTh MOHATHE "MaJo".

Kputepuit Konmoropoa. PaccmoTpum paBHOMEPHYIO METPUKY B TIPOCTPAHCTBE (DYHKIIHH pac-
npenenennsi dy(Fy, Fy) = sup |Fy(t) — Fy(t)|. DTOT PyHKIMOHAJ SBJSIETCS HE TOJBKO CTATHCTHUE-

teR

{ 1, d(F}, Fy) — 0,

CKHM, HO U METPUUYECKHUM PACCTOSTHUEM.

Jlemma 1. Ecau ucmunnoe pacnpedeaenue Fy Henpepol8HO, MO 86lNOAHACMCS CBOLCMEB0
HenapamempuuHocmu Kpumepus, m. e. pynkyua pacnpederenusn P(d,(Fr, Fy) < t) He 3a-
sucum om Fy.

JIOKA3ATEJIbCTBO. B kauecTBe ynpakHeHusi. ¥kazarue: ¢ NOMOUIbIO KBAHTUJIbHBIX TPe00-
pasoBaHuil cjiesaTh 3aMeHy MepeMeHHbIX 0]l 3HAKOM CYNpeMyMa.

D10 3aMeuaTebHOE CBOHCTBO MO3BOJISIET MPUMEHSATL YHUBEpPCAJbHbIE TAOJHUILbI /IS BBIUKCIIE-
HHUSI TaK HAa3bIBAEMbIX KPUMUUECKUX YPOBHEll ¢, — Pa3NeNUTeNbHbIX 6APbEePOB MEKIY YITOMSIHY-
ThIMM BblIlE MOHATHSIMHU "MaJsio"u "He Maao". B pesysbrate noayuum kpumeputi Koamoeoposa

_ 17 d(F;7FO)<C£7
o) = { 2, d(F*, Fy) > c.,

rjie ¢ HaxoauTest U3 ypaBHenust Py (d(F), Fy) > ¢.) = € (3T0 ecTb BEepOSTHOCTb OLIHOKH MEPBOTo
poza) U cooTBeTCTBYIOLMX Tabull. OnHako 3TH TabJaMLbl co3MaHbl ToabKo 1t n < 100. Ecan
e 06'beM BbIGOPKH CYIIIECTBEHHO GOJIblIE, TO /151 BBIUUCJIEHUS] KPUTHUECKHUX YPOBHEH HCITO/B3YIOT
cJleflytoliee yTBepKAeHHE.
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Teopema (A. H. KoamoropoB). Ecau Fy € C(R), mo umeem mecmo caedyiouiee npedervroe
coomHoulenue:

o0

lim P(vndo(E}, Fy) <t) = Y (=1)Fe 2 = K(1).
k=—00

dyukumsa K (t) naspiBaetcs ¢pynkyueil Koanocoposa. OHa sBasieTcst pyHKIMeH pacripese-
Jenust u3 kaacca C*, Ho He aHasuTHuecKasi. [IprBeieHHbI pe3yJibTaT HEBEPEH JJIsi PAa3PbIBHBIX
byHKUMH Fp.

Crasio ObiTh, MPH GOJILIINX 1 CIIPABENIUBO NPUOJIMIKEHHOE PABEHCTBO

[e.9]

P(vVndp(F, Fo) <t) = Y (=1)fe ™ = K(t),

k=—o0

KOTOPOE€ U UCITOJIb3YETCA AJis1 BIYUKWCJACHHST KDUTHYECKUX ypOBHeﬁ Ce.

Kpurepuii 2. Peub nofiier o npoBepke JBYX FHIOTES B ABYX CJyyYasix, KOrJa poBepsieTest Npo-
cTasi TMNOTe3a MPOTHUB CJ0XKHOH aJbTEPHATHBbI, a TAKIKE CJI0KHAST IPOTUB CJIOKHOM.

31ech Mbl UMeeM J1eJ10 ¢ HaO 110 IeHUSIMU TPOU3BOJILHOH Npupobl. [TosTomy Gynem paccmaTpu-
BaTh paccrosiHusi Buna d(Py, Pe) Ha npocmparcmese ecex pacnpedeneriili, KoTopble 3alaHbl Ha
BCEX M3MEPHMBbIX TTOJIMHOYKECTBAX H3MepUMOro MHOKecTBa (X, 13).

PaccmoTpum npousBosibHOe KoHeuHoe pa3buenne {A;, 7 < m} mHoxectBa X. [1o stomy pas-
OMEHHIO OTIPE/IEIMM TaK Ha3biBAEMOe PacCTosiHUe Y2

de(PLP) = (PI(A;)%ZS(AD)

i=1

(o ymoJuanuio npesrodiaraercsi Po(A;) # 0), KOTOpoe He sIBJISIeTCs METPUKOH B OTJIMUMH OT pac-
crosiHust KosimoropoBa, Tak Kak /151 Hero He BbIIIOJIHEHO HEPaBEHCTBO TPEYroJIbHUKA M HET CUMMET-
PUH OTHOCHTEJILHO N€PEeCTAHOBKH apryMeHTOB. [ Ip1 5TOM BbINONHEHbI YIIOMSIHYThIE BblLlIe CBOHCTBA
CTATHCTHUECKOTO PACCTOSIHUS (C OUEBUAHOH 3aMeHON (yHKLMI pacripe/ie/ieHHsl Ha CaMU pacrpejie-
JICHHUS).

CuJiefyst TPUHIIMIIAM TIOCTPOEHHUST KpUTEPUEB coriackst, pacecMotpuM d(PF, Py), tie PF — smnu-

puyeckKoe paclpeaeseHue, NoCTPoOEeHHOE 110 BbI60pK€ LiyevnoyTp:
#(x; | ;€ A
py(a) = oL 12
n

(nis catyuasi npocToii ocHoBHOM runotedbl Hy = {P = Py} u anbrepHatuBbl Hy = Hy).
O6o3naunm uepes v; = #{z; | ©; € A;} uncj0 BIGOPOUHBIX TOUEK, MOMABIIMX B MHO?KECTBO
Ay; nonioxuM p; = Po(4;) # 0. Torna

m (s 2
: "
) = Y )
i=1
Kputepuii ctpoutes caenytoumm o6pas3om:

1, d(P::,'Po) < Ce,
2, HWHaue.



BeposiTHoCcTb o1IMOKK TepBOro poja jajst 3Toro Kputepust: € = Pi(0 = 2) = P(d(P},Po) > c.).
Tem cambIM Mbl MOJyYHJIH YPABHEHHE JJ1s1 HAXOXKJICHUS Ce, TJI€ € HA3bIBAIOT YPOBHEM KPUMEPUS.
[To ananornu ¢ kpureprem KosimoropoBa MMeeT MeCTO CBOHCTBO QCUMNMOMUYECKOl Henapa-
MempUUHOCI KPUTEPUs X2 B KJ1acce BCeX pachpeieeH .

J17151 JaHHOTO PaCCTOSIHUS HCTO/b3YeM TOJIbKO aCUMIITOTHUECKHH pedyJibTaT. [ IpuBenem 6e3 no-
KasareJsbctBa meopemy [lupcona:

Teopema. Ecau Py — ucmurnoe pacnpedenerue xi, mo npun — oo

ndy2(Py,Po) = 1 € Xp,_y-

CXEMA TOKA3ATEJIbCTBA. [loc/ie yMHOXKEHHUSI HA 1 HCCJIelyeM aCUMIITOTHUECKOE TOBe1e-
HHE OT/EJIbHOIO cJlaraeMoro M3 npeacrasjeHust Kputepus. B cusy teopembl Myaspa — Jlansaca

HMeeM 9

2 2

Vi — np; Vi — np; Vi — np;

T T Y (TR R
npi npi np;(1 — p;)

n
rie & € No1y; 31€Ch Mbl yusii, 4To v; = » . I(x; € A;) — CyMMa He3aBHCUMbIX OEPHYJIIMEBCKHX
j=1
CJIydaiHbIX BEJIHUHH C BEPOSITHOCTBIO yenexa p; = P(xy € A;) = Po(A;).

TpyaHOCTb 3aKJII0YAETCSI B TOM, UTO YIIOMSIHYTbIE CJIaraeMble B [IPEACTABAEHHH CTATHCTHKH >
3aBUCUMbI MKy COOO0H (TaK KaK vy +. . .+, = n), a cTajno ObITh, 3aBUCUMbI U OTIPe/Ie/IeHHbIE Bbl-
111 rayCCOBCKHeE cyydyakiible BeJIMUMHbI ;. OTMETHM, UTO 1I0Ka3aTeJbCTBO 3TOIO YTBEPKAEHHS MPO-
BOJISIT C MOMOLLLbIO MHO2OMEPHOL eHmparbHol npedeavroll meopemol. [1pu 3T0M npenesbHas
KBaJpaTuuHas popMa OyieT MMeThb paclipejieaenne X2 ¢ yuc/10M crenenei cBo6oabl m — 1.

CuyienioBate/IbHO, /151 HAX0XK/1€HUSI KPpUTHUECKHX TOUEK Mbl JO/KHbBI UCITOJIb30BATh TAOJHIbI pac-
npeaeseHust X? C TeM WJIM HHBIM YHCJIOM CTereHel CBOOOIbL.

3ameuvanue. CjeyeT UMeThb B BUJLY, UTO 9TO TeopeMma rnpejeibHast. Ho MoxeT ObITh cUTyalus,
KOTJ1a HEKOTOpPble BeJUUUHbI p; 0M3kH K 0. Torna npu HeOOJbIIMX . B CUJIYy MaJOCTH 3HaAMeHa-
TeJIsl Mbl MOXKEM CYIIECTBEHHO MPEB30UTH KPUTHUECKUH YPOBEHD (JlaxKe ecJii OCHOBHAS THUIOTe3a
6blna BepHa!), UTO HCKA3WUT HAIIM BLIBOJBI. B ciyuae, ecau v; 6ju3ku K 0, a p; 3HAUMMbl, UMeEM
(v — npi)Z

np;
NpU n — 00, €CJIM runoTe3a Oblia crnpapeyinBoil. [TosTomy npu HeboJbLIMX 0O beMax HabJOAeHUH
Ha BbIOOD pa3OueHHus KeslaTesbHO HaKJaAblBaTh CJeylollde orpaHHueHHusl BO M30exKaHue nosiBJie-
HMSI TAKOTO COpPTa 0OCOOEHHOCTEH:

/R np; — TOXKE MOXKeM MOoJIyuuTb OO0JbIIOH BLIOPOC, KOTOPLIF BbIpABHUBAETCS JIMIb

1. Vi ~ NPy,
2. np; > 8+ 10.

Kpurepuii x? TakxKe Ha3biBAIOT KpUmepuem cepyniuposantolx OAHHbLX.

0606uiennas treopema Iupcona. PaccmarpuBaem npoBepKy JBYX CJI0XKHbIX THIIOTE3, KOT/A
ocHoBHast uMmeeT BUIL Hy = {P € {Fp}}, rne { Fp} — HeKOTOPBIil apaMeTpuuecKHii Kiace, a KOHKY-
pUpYIoLLasl eCTh KJaccHuecKas ajabTepHatusa Hy = Hi. OT napaMeTpuueckoro Kjaacca TpedyloTest
HEKOTOpbIe CBOKMCTBA pery/spHocTH R*, 6auskue K ycaosusim (R) B HepaBeHcTBe Pao - Kpame-
pa. OTMeTHM, UTO NapaMeTpUUecKre ceMelicTBa HOpMaJlbHbIX, TyaCCOHOBCKUX M HEKOTOPBIX JAPY-
TUX pacrpeiesieHui y10BACTBOPSIOT yeJ0BUSAM R*. OTiiMune oT npejiblayleid CXeMbl COCTOUT B TOM,
UTO He MOHSITHO, KaK UCKaTh p; = p;(#) npu HeusBecTHOM napametpe. [Ipennaraercs 6 3ameHuTb Ha
OMIT 6,,.
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Teopema. [Ipu coeaarmoLx npednosoHeHUAX U N — OO

m

Z:I(Vi - npi<9n))2
i= 2
= = 1 € Xin—1-dim(6)

Mpumep. PaccMoTpuM HCTOpHUECKYIO 3a1auy Ha NpuMeHeHde Kputepus x2. Paccmarpusaem
I02KHYI0 yacTb JIoH10Ha, KoTopas oOCTpe/inBajach BO BpeMsi BTOPOH MHPOBOH BOHHBI pakeTaMH
“@AY”. Cutyauus Obl1a cJeylollel: MocJje Toro, Kak npousoliio 535 nonajaHuil, Hemelkas mpo-
narasja yTeepxKaaJja, uyTo MX pakeTbl MOTYT MOPa3UTh 3apaHee BbIOpaHHbIH 0OBLEKT Pa3MepoM C
oM. Hauanach nanuka. Pemnsin oOpaTHTbCsl K CTATHCTUKAM C BOIPOCOM: MOXKHO JIM [IPH UMeEt0-
1ieficst MHopMaLi rOBOPUTH O J€TEPMHHUPOBAHHOM BblOOpe Leau? Mnaue roBopsi, ocyliecTsisi-
eTCsl JIM Ha CaMoM JieJie NpHLie/bHOe O0MOOMeTaHHe WK “TOUKH ™ OpocaloTcs Hayaauy.

[ToctpanaBiiyto uacteb Jlonmona pa36éuan Ha 576 yuactkoB (n = 576) nJjoiiajabio B YeTBEPTh
KBaJpaTHOM MMM Kaxkbli. Jlasee noacunTanu, cKoabKo “npo6ouH” ObIO HA KaxKJI0M ydacTKe.
[Tosryunsin TabJMLYy CrpynnUMpoBaHHbIX JaHHbIX:

i | 0] 1 | 2]3/[4]|5
v 1229 211 93135 |7 |1

re ¢ — YUc/o “npo6oUH” B OTAE/NBbHO B3SITOM KBajJpare, I; — YHCJO0 KBAJPATOB C ¢ MOMNaJaHUSIMH.

Bogsnukaer Borpoc o ToM, Kakyio TMIoTe3y Hy»KHO PoBepsiTh. Ecsiu Mbl peanoaraem, uto 6poca-

HUe TOUYeK MPOUCXOUT Hayauy (OCHOBHASI TUIIOTE3a ), TO B HaMepe/l 3alaHHbIi KBapaT MoMnajiaem ¢
1

BEPOSATHOCTBIO p = Fa MPH TOM CyMMapHoe uncsio ucnbitanuh (“npoboun”) pasuo N = 535. I1o

Teopeme [lyaccoHa o peakux coObITHSX pacrpejiesieHHe uucaa yernexoB GyaeT ujaealbHO OMUChI-
BaThcs pacnpenesnenuem [lyaccona ¢ napamerpom A = Np ~ 0, 9. Kak ciiecTBre 0CHOBHO#H rHmno-
Te3bl BOBHUKAET HOBasl: Habarodaemas cayuainas seauduna umeem pacnpedesenue [lyaccona
¢ Heuzsecmruoim napamempom. OMII nyig napameTpa A Xopolio U3BeCTHA:

576

~ = 1 935

A =X =— E r, = — ~ 0.9,

576 “ 576
i=1

rjie &; — KoJMuecTBO “Touek” B ¢-oi rpynmne. [ Ipuunmas Bo BHUMaHHe 3aMeuaHue, CieJJaHHOe BhIlIe,
0ObeIMHUM Tpynibl ¢ = 4 u ¢ = 5 B oany. [lo Tabanuam s nyacCoHOBCKOIO pacrpesieieHust ¢
napamerpom 0, 9 Haxoaum

po = 0.41,
p1 = 0.37,
p2 = 0.16,
p3 = 0.05,
pq = 0.01,
dim(0) = 1.

Hcnonbays BblllenpubeieHHY 0 TaOJHLbl CTPYNIHPOBAHHBIX JAHHbIX, 10J1y4aem

™ (v — T (0.))2

i=1 np;(6n)
rjae n = 576. 3nauenue 2.5 — 310 x?-paccTosiHke MeX/y SMITMPHYECKUM U THITOTETHUECKHM Pac-
npenesenusivu. [To Tabauniam st pacnpenesenusi x2 npu € = 0.05 umeem ¢. = 7.81. Tak kak
2.5 < 7.81, TO OCHOBHAas 'HIIOTE3a O MyaCCOHOBOCTH NMpuHUMaetcs. CienoBaTe/ibHO, TPUHUMAETCS
Y THIIOTE3a O PAaBHOMEPHOCTH OpOCaHus “Touek .
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JIBYyBbIOOpPOUHbIE KPUTEPHUHU COTJIACHS.

[TpoBosUTCS N UCTIBITAHHUI B OJITHUX YCJIOBHSIX, @ 11 — B IPYTUX. BO3HUKAIOT IBE BLIGOPKHU X1 . . . Ty,
UYi ... Ym (2; M y; HE3ABUCUMBI B COBOKYITHOCTH ). TpebyeTcsi onpeaesuTb, U3MEHUIOCH JIM pacrpe-
JlesieHre HabJ1i01aeMbIX BEJIMUMH M0CJe H3MEHEHHs YCJOBUH MPOBEIEHUS] UCTTBITAHHH.

Kpurepuu Crbrogenta u ®umepa. [Tocranoska sanaun: nyctb o; € Niao2), ¥i € Niay,02)
e a, o — HeudBecTHbl. Kputepuii CTblosieHTa rpoBepsieT coxkHyto runoredy H = {a = a3}
MPOTHB KOHKYPHPYIOILIEH aJbTepHATHBbL. DTOT KPUTEPUH OCHOBAH Ha CTATHCTHKE

KoTopasi umeet pacnpesesnenne CTbioJeHTa ¢ 1 +m — 2 cTeneHstMi cBOGOIbI, TJ1e S? — BbIGOpOoUHast
JIUCTIEPCHs, TOCTPOCHHAS M0 COOTBETCTBYIOLLEH BhIOOPKE.

[TosicHum, nouemy pacnpejie/ieHre TouHoe, a He npejesbHoe. [To caenctBrio U3 jemmbl Puiile-
pa X u S?, aTakke Y u Sg — He3aBUCHMBI (BelyT ceOsl Kak MPUUHHHO HECBSI3HbIE, XOTs CTPOSIT-
csl o ofiHuM BbiGopKam). [To mocTpoenuto 3T 1Be napbl He 3aBUCAT ApYr oT apyra. CTano ObITh,
X,8%Y, SS HEe3aBUCHMBbI B COBOKYNHOCTH. Tak kak 6opesieBCKHe NpeoOpa3oBaHUs HE3aBUCUMOCTH
He MOPTAT, TO YUCJUTEb APOOH B BbIpaxKeHUH sl 1’ He 3aBUCUT OT 3HaMeHaTess. [Ipu sToM npu
BbIMOJIHEHUH rUnoTe3bl H

X-Y nm nSﬁ + mSZ 9

€ No1y, ——— € o
o n+m (0,1) o2 Xm4n—2

[Tostyuaem BeposiTHOCTHYIO MOJiesib 3aKoHa CThlofieHTa: &y / %XE, T.e.T €Thimo.

JLs1s1 npoBepKH MPOCTON MUINOTE3bl O PABEHCTBE AUCNEPCHI ABYX HE3aBUCHMbIX HOPMaJIbHbBIX Bbl-
GOpPOK C OJIMHAKOBBIMH CPEIHUMHU HUCMOJb3yeTcsl KpuTepuil Pulliepa, OCHOBAHHbIH HA CTAaTUCTHKE

2 2
o 51 + e + fn =~
CcO CTPYKTypOI/I OTHOUIEHHA ﬁ, rmne fi; fj € N(O,l) — HE3aBHUCHUMBI B COBOKYITHOCTH. 9Ta
G+...+&,
CJlydarMHasl BeJIMYKMHa pacrpenae/icHa 1o 3aKoHy CDHLHepa me C MmapamMeTpaMu n, m. B CUJy JIEM-
2

Mbl Ouiepa U yxke MpojieJaHHbIX 3J1eMeHTapHbIX MpeoOpa3oBaHHi € F,_1m—1. Hanbuefiniee

x
2
(1) Sy

MMOCTPOCHUE KPUTEPUS COrTaCUsd MPOXOAUT IO CTAHAAPTHOU CXEME.
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