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PROBABILITY INEQUALITIES FOR GENERALIZED L-STATISTICS
I. S. Borisov and E. A. Baklanov UDC 519.21

1. Introduction

Let X1,...,X, be independent identically distributed random variables. We study statistics of the
type

where X,.; < -+ < X,,.,, are the order statistics based on the sample {X;;i < n} and h,; : R — R,
i =1,...,n, are measurable functions. In particular, if hy;(y) = cn;h(y) and h(y) is monotone then &,
represents the classical L-statistics.

Functionals (1) in this general form are called generalized L-statistics. For the first time, these
statistics were introduced in [1,2] where asymptotic expansions for the distributions of these statistics
were given in some particular cases. The Fourier analysis of the distributions of &, is contained in
[3]. Note that the integral-type statistics (integral functionals of the empirical distribution function, for
example, the Anderson-Darling-Cramér statistics) can be represented as (1), but not as the classical
L-statistics (see e.g. [1,3]). The main purpose of this paper is to obtain upper bounds for the tail
probability and moments of ®,,. Exponential bounds for the tail probabilities of the classical L-statistics
were obtained in [4] by means of approximation of L-statistics by U-statistics with nondegenerate kernels,
which makes it possible to reduce the problem to analogous problems for sums of independent real-valued
random variables. The approach of the present paper illustrates the capabilities of multivariate analysis:
the problems in question are reduced to analogous problems for sums of independent random elements
taking values in a functional Banach space. In the previous paper [5], containing some moment inequalities
for generalized L-statistics, we suggested an analogous approach using a special property of the order
statistics based on a sample from an exponential distribution. In the present paper, to study generalized
L-statistics we essentially use the properties of order statistics based on a sample from the (0, 1)-uniform
distribution, although we impose no additional restrictions on the sample distribution for the so-called
L-statistics with separated kernels which are introduced below.

Note also that the term “generalized L-statistics” was introduced in [6] where a generalization of the
classical L-statistics theory was considered in a somewhat different aspect related to another construction
of order statistics.

2. Statement of the Main Results

2.1. Additive functionals of centered order statistics. In this section we consider additive
functionals of centered and normalized order statistics based on a sample from the (0, 1)-uniform distri-
bution:
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Obviously, every generalized L-statistic can be represented in this form because of unrestricted depen-
dence of the kernels h,; on the subscripts in (1) and the well-known properties of the quantile transforms,
although this form merely plays an auxiliary role in our considerations.

Theorem 1. Let the functions hyi(x), i =1,...,n, in (2) satisfy the following condition:
|hni(2)| < ani + bps|x|™  for some m > 1, (3)
where a,; and by; are positive constants depending only on i and n. Then

(y/2 = A)*/™ — 28"/
2(32 + Hyl/m) !

P{A, >y} < 4exp{—
where

n 1/m
B=C(m)(n+1)7"? (Z z‘m/%m) :
=1

| {1, if 1<m<?2,
B (1+F(m+1))%max{1+%;(26)%((1—%%)e)%}, if m>2,

I'(x) is the gamma-function, A = Y ;" | an;, and

n n 2/m n 1/m
B*=2(n+1)"! E < bnj> , H=(n+1)"1/2 (Z bni) .
J=i

C(m

i=1 i=1

Consider the special case hp;(z) = |2|™/(n + 1), m > 2. Then an; = 0, by; = (n + 1)71, and the
statistic A,, has the form

1
An—/]Gn(t)\mdt,
0

where G,,(t) is the quantile empirical process based on a sample from the uniform distribution on [0, 1]
(see Section 3 for more detail). It is well known (see, for example, [7]) that, as n — oo, the distributions
of the processes Gy, (t) converge weakly in the space D[0, 1] to the distribution of a “Brownian bridge”
wO(t). Thus, we have

1
P{A, >y} = P{ / |G ()| dt > y} = P{|u’| =y} asn — oo,
0

where ||- || is the standard norm in .%,,([0, 1], dt). From an inequality in [8] for Gaussian random elements
of an arbitrary Banach space, we can obtain the following unimprovable estimate:

1/m _ \2
P{uf] >y} < exp{ -0 2O
202

where y > o™, 0" = 2"/2x7 12T ((m 4+ 1)/2) B(m/2 4+ 1,m/2 + 1), and B(x,y) is the beta-function.
On the other hand, from (4) we obtain the upper bound

y*m — 4C(m)y'/m }

P{A, >y} <4 .
{An 2y} < exp{ A(1 1 yl/mp—172)

So, in this case inequality (4) is exact in some sense.
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Consider the classical L-statistic with the kernel hy,;(z) = x(n(n + 1))~'/2. In this case the statistic
A, has the following form:

1 n
A, =—Y (X; - EX;),

where Xi,...,X,, are independent random variables distributed uniformly on [0,1]. Using (4) with
ani = 0, bpi = (n(n+1))~'/2, and m = 1, we obtain the upper bound
y? — 16y/3
(2/3 +yn=1/2) ]’
which is rather close to the right-hand side of the classical Bernstein inequality for sums of independent

bounded random variables. We compare this result with the following estimate for the tail probability of
the classical L-statistic in [4]:

P{A, >y} < 4exp{—8

Coy®
P{A, >y} <exp {—Hyg/gn_m )

where the absolute constant Cpy can be calculated explicitly. It is easy to see that the logarithmic

asymptotics of the right-hand side of the last inequality coincides in the order of magnitude with the

analogous asymptotics of the right-hand side of the Bernstein inequality only in the range y = O(nl/ 6).
Introduce the centered generalized L-statistic

The following is immediate from Theorem 1.

Corollary 1. Let the functions hp;, i = 1,...,n, in (5) satisfy the Lipschitz condition with the
respective constants b,;. Then

y? — 801y }

P{®, >y} <4 -z g
{®, >y} < eXp{ S(B2+ Fy)

(6)

where
n

n = i Y
1 Z./ , _ 2 j - Z A
bi=1"7 i_1 e BL= (n+1)2 ;(; bn]) S i=1 -

Inequality (6) follows from the relation

n
i=1

1 n
i=1
and Theorem 1.

The next two assertions contain moment inequalities for the above statistics.

Theorem 2. Under the conditions of Theorem 1, for all r > 2
r T = ' rm—1 grm 2r(m+2)71 m rm/2
E|A,|" <4 Z; ani | +2m7IETM S W(mm) {Cerm +1)B,, + B} %, (8)

where

n n r
Bn,r = Z(an]> )
j=i

1=1

K is an absolute positive constant, and 3 is defined in Theorem 1.
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Corollary 2. Under the conditions of Corollary 1, for all r > 2

23r 1

E|D,|" < OIS {(Zzl/2bm> (K1) (T(r + 1)By,,, +BT/2)}, (9)

where K, is an absolute positive constant.

Relation (9) follows from (7) and (8).

We again consider the special case hpi(z) = z(n(n +1))~1/2

in which

1 n
A, = — Y (X; - EX;).
Vi 2

It is shown in [9] that, for independent random variables (i, ..., {, with mean zero and for all ¢ > r/2,
the following inequality holds:

r

n n /2
< CTZEK@"T+T‘CT/2GCB(T/2,C—T/2) (Z ECE) . (10)
i=1 i=1

Putting in (10) ¢; = X; —EX;, ¢ = 14r/2, and noting that E(X; —EXl)2 =1, EX;-EX " <T'(r+1),
we obtain

E|An|" < 2(1+7/2)"/2e*/2 4 (14 7/2)"T(r + 1)n*7"/2,

On the other hand, from (8) we deduce the upper bound
E|A,[" < 2% M1+ (Kr)") + 2% 1 (Kr) T(r + 1)n' =772,

and this estimate is close to that above.

2.2. [L-statistics with separated kernels. We now consider the following L-statistics with

separated kernels:
n

Ln =) cnih(Xns), (11)

i=1

where ¢y, i@ = 1,...,n, are some constants, h is an arbitrary measurable (not necessarily monotone)
function, and X3 has an arbitrary distribution function F'.

Without loss of generality, we assume that > " ; ¢p; = 0, since the statistic L,, can be represented in
the following form:

L, = Zcm nz +¢n Zh(X’L)a (12)
i=1

where ¢n; = Cni — Cn, Gn =11 > | Cni, and the second term on the right-hand side of (12) is a sum of
independent identically distributed random variables for which the moment inequalities and estimates of
the tail probability are well known.

It is worth noting that L-statistics of the form (11) were studied by many authors under various
restrictions on the weights ¢,; and the distribution function F'. Asymptotic normality of these statistics
was investigated mainly in the case of a monotone h(x) (or, in an equivalent setting, h(z) = x and
the sample distribution is arbitrary; see, for example, [10-14]). Note that the authors of [13] also used
multivariate arguments for asymptotic analysis of such L-statistics. The behavior of large and moderate
deviations of L,, was studied in [4, 15, 16].
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As noted in [3], statistics of the form (11) with smooth kernels can be represented as integral-type
functionals of the empirical distribution function F,(t). Indeed, suppose that h € C'(R) and denote by
¢n(x) an arbitrary continuous function on [0, 1] satisfying the following conditions:

k
$n(0) =0, @n(k/n) = ey k=1,...,n.
i=1

The condition Y} | ¢p; = 0 implies the equality ¢,(1) = 0. Integrating by parts, we then obtain

O i\ (i-1 L _ o
Lo=3{0u( 1) = o0 i H! () 46 (Fa(0) R/ aFal)H (1)

i=1

Similar representations can be actually found in many papers dealing with asymptotic analysis of L-
statistics.
Define the function ¢, (x) as follows:

i k-1 k
On(T) = neprx + Elcm-—kcnk, T<$<E’ k=1,...,n.
1=

Obviously, the function ¢, (x) satisfies the Lipschitz condition with the constant nc,, where ¢, =
maxlgkgn |an| Put

Tn = /¢n(F(t))h’(t) dt.
R

Then we have

Lo+ = / (6n(F (1)) — bu(Fu(t)}H(2) dt. (13)
R

We will use the following notation:

o [ FO if <2,
TOIZV1-F@) if t> 2

o = alk, F,h) = /(/g(t, z)]h’(t)]dt)de(z),

R R

Hyp = / (F(£)(1 — (1)) 2|1 (1)) dt.
R

The conditions of Theorems 3 and 4 (see below) contain moment restrictions in terms of Hp and «y in
particular. Thus, the properties of these characteristics as well as the comparison of the above-mentioned
restrictions with the classical moment conditions of summation theory are of special interest.

Proposition. The following hold:

1. Eg%(t, X1) = F(t)(1 — F(t).

o1 < Hp.

.o > alf, k>1.

. If h is a monotone function then oy, < 2¥E|h(X1)|F, k > 1.

. Assume that §; < |W/(t)| < b9 for some positive §; and d and that Hp < oo. Then

QU W N

P(|X.|>x)=0(z"2) asz — oo.
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In particular, E| X1 |>(logt | X1])™'7¢ < oo for all € > 0.
6. Assume that |h/(t)| < 6|t|® for some 6 > 0 and > 0 and that

E| X209 (log™ |X1])?* <

for some € > 0. Then Hp < cc.

REMARK. As follows from the Proposition, existence of Hr and existence of the second moment of
the sample are close conditions. Let us study this relation in more detail. Suppose that the function h
satisfies the following condition: &§; < |A/(t)| < d2 for some positive §; and . In this case, finiteness of
Hp is equivalent to that of Hr = [ /F()(1 — F(t))dt.

It is noted in [14, p. 686] that, if the distribution function F has regularly varying tails, then existence
of the finite second moment and finiteness of Hp are equivalent conditions. However, this statement is
false. For simplicity, we consider the case in which the left and right tails of the distribution function
F behave at the infinities as [t|"PL(|t]), p > 0, where L(t) is a slowly varying function. Then existence
of the finite second moment and that of Hp amount to convergence, for some tg > 0, of the respective
integrals

/tl—pL(t) dt, /t—p/2L1/2(t) dt.
to to

These integrals converge simultaneously for p > 2 and diverge for p < 2 (see, for example, [17]). Consider
the case p = 2. In this case, existence of the second moment follows from finiteness of Hp. Indeed, if
f(x) is a nonnegative decreasing function and the integral [ f(x)dz converges, then f(z) = o(1/x) as
x — oo. This follows from the relation

0§xf(m)§2/f(t)dt—>0, T — 00.

x/2
Therefore, if
/t_1L1/2(t) dt < oo,
to

then L(z) — 0 as & — oo; i.e., L(x) < 1 for sufficiently large x. It follows that L(z) < LY?(z) for

sufficiently large x and, consequently,
o

/t‘lL(t) dt < oo.
to

The converse statement is false. Indeed, let L(t) = Clog ¢, 1 < ¢ < 2. Then the second moment
obviously exists while Hp = oo. In other words, in the class of the distribution functions having regularly
varying tails, finiteness of Hf is a stronger condition than existence of the finite second moment.

Theorem 3. Let the function h(x) in (11) be continuously differentiable and Hr < oco. If aj, < 00
for some k > 1 then for all y > yo

log 2

log3 [y —yo\ =3 65 2cknay,
P{L,+vw >y} < exp{— ( +—" 14
ton o 2 ) 2 210 2(y — yo)* 19

where yo = 24Hpcn/n if ag < (24Hp)*n*/2=1/36, and yo = ¢, (36n0,)"* if ay, > (24Hp)Fn*/2-1/36.
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If a < kK!'B2H*2/2 for some constants B> and H > 0 and for every integer k > 2 then

2
y* — 2Hpcp/ny
P{L > < — . 15
{n+m 2y} < eXp{ 2cn(nca B2 + yH) } (15)
If | X1| < b almost surely then
(y — Hreayn)®
P{Ln + 2 y} < eXp{_ QHC%H[% > (16)

where Hy = [°, |/ (t)|dt.

Corollary 3. Let the function h(x) in (11) be monotone and continuously differentiable, Hp < oo,
and E|h(X1)|¥ < k!B2H*=2/2 for every integer k > 2 and some positive constants B and H. Then

B y? — 2Hpc,/ny
4¢n(2ne, B2 +yH) |-

P{L,+v >y} < exp{ (17)

Relation (17) follows from (15) and the inequality oz < 2¥E|h(X1)|¥ (see the Proposition).

Theorem 4. Let the function h(x) in (11) be continuously differentiable, Hp < oo, and oy, < oo for
some k > 2. Then
E|Ly, + " < 2671k ((CR)Fay, + HE)nP/?, (18)

where C is an absolute positive constant.

3. Proofs of the Main Results

3.1. Proofs of Theorems 1 and 2.
PROOF of Theorem 1. Define the random process Gy, (t) and the function ¢, (¢, z) as follows: For all
teli/in+1),(i+1)/(n+1)),i=0,1,...,n, we put

Gn(t) =vVn+1(Xni —EX,4), on(t,z) =n+ Dhpi(2), Xno=0, hy =0.

Then the following equality holds:

1
Ao = [ alt,Gult) . (19)
0
Let v1,...,vn41 be independent random variables having the exponential law with parameter 1. Put

7; = v;— 1. Obviously, Er; = 0, ETZ'Z = 1. We construct the partial sum process S,,11(t) using the random
variables {7}

Sk k k+1
n+1(t) = , if <t ;
Sut1(t) vn—+1 ' n+1 <n+1

Sn+1

]{7:0,1,...,71, Sn+1(1):

vVn+1’

where S, = Zle 7i, So = 0. We also consider the conditional partial sum process S, (¢) with the right

endpoint fixed at 0. In other words, S° 4+1(t) is a random process with finite-dimensional distributions

coinciding with those of the process S,+1(t) under the condition S,+1(1) =0, i.e., for all 0 < t; < t3 <
e <t < 1

P(Sg+1(t1) < T1ye..y Sg+1(tk) < l‘k) = P(Sn+1(t1) < X1y, Sn+1(tk) < $k|sn+1(1) = 0)
The following assertion is proven in [7].
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Lemma 1. The vectors {Gn(n%rl)}?:l and {S?Hrl(n%rl) }?:1 coincide in distribution.
Thus, we have

2
A

:P{ 7¢n(t,5n+1(t))dtzg}+P{ /1 on(t,— (59,1 (1) Sn+1(t)))dtzg}, (20)
0 N+1

PROOF. It was shown in [7] that, for each event .# in the o-algebra generated by paths of the process
S0 41(t) until the time moment 1 — v, the following inequality holds:

P(Sp,1() € F) < CP(Snia() € F),

where C' = sup fi(—x)/f2(0), fi and fo are probability densities of the random variables Sp41(1) —
Sn+1(1 —v) and Sy,41(1) respectively. Since

fil=z) =vn+1(—avn+ D texp{avn +1-1)}/(1 - 1),

f2(0) = (n +1)" 2= /(n 4 1)1,

where [ = v(n + 1), we have

(n + Dle"(v(n +1) — 1)0+D-1)
(n+ 1) (v(n + 1) — 1)lev(nt)-1 7
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because the function Ve~ takes a maximal value at the point = N. Using the Stirling formula

k! = (27k)Y2(k/e)ke?®) where 1/(12k + 1) < 0(k) < 1/(12k) (see, for example, [18]), we finally obtain

1o\ -L2
C’g(v— > .
n+1

Taking the obvious symmetry into account, we can use the analogous arguments for evaluating Ps.
Substituting (n—N)/(n+1) and (N+1)/(n+1) for v, we obtain the corresponding inequalities. Lemma 2
is proven.

From (20) and Lemma 2 we now derive the estimate

P{A, >y} < 2P {0/ n(t, S (t )dtz‘;/}
+vap{ / nlts~(Su11(1) = Sun (@)t = 3 . (21)

We evaluate each summand on the right-hand side of (21). From (3) it follows that |p,(t,2)| <
(n 4 1)(ani + bpi|z|™) for all t € [i/(n+1),(i+1)/(n+1)),i=1,...,n. Then

5 o o

/ n(t, Sny1(t)) dt < Z / o (t, Sy ()] dt < Z / 1+ 1){ani + bpil Snta (8)[™} dt

0 ni o
N ! N
=S / et (O = 3 ai + [[Snsa (O]15 (22)
i=1 0 =1

where || - || is the standard norm in .%,,([0, 1], A), A(dt) = qi(t)dt, qi(t) = (n+ D)by; if t € [i/(n + 1)
(t+1)/(n+1)),i=1,...,N, and ¢q1(t) = 0 for other .
By analogy with the above, we have

1 n

/son(t7—(5n+1(1)—Sn+1(t)))dtS Y ani+ [Sunt (D} (23)
N41 i=N+1
n+1

where Sp,11(t) = Syr1(1) — Spp1(t), || - || is the standard norm in %, ([0, 1], ), pu(dt) = ga(t)dt, qg( ) =
(n+ by ift€fif(n+1),(i+1)/(n+1)),i=N+1,...,n,and ¢(t) =0if t € [0,(N +1)/(n+1)).
Substituting (22) and (23) into (21), we obtain

P{AnZy}SQP{IISnH( I 22—Zam}+fP{usn+l<>um>2— > }

i=N-+1
It was proven in [8] that, if independent random variables Y7,...,Y,, in a separable Banach space
satisfy
n
Y E|V;|F <kIB*H"?/2, k=23,..., (24)
j=1
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for some constants B and H > 0, then the following estimate holds:

$2
P(|Yi+--+Y,|[-8>2)< S —

where § = E||Y1 + --- + Y,,||. It follows that

2 _
P(IYi 4+ Yol > 2) SeXp{—; 20 } (25)

(B%2+zH)

We note that the random processes Sy 1(t) and S,,11(t) can be represented as sums of independent
nonidentically distributed random variables with mean zero and values in the corresponding separable
Banach spaces .2, (+):

n+1 n+1

Sur1(t) =Y &(t) and Spya(t) =Y ni(t),
i—1 i=1

where

T ) T 7

We also note that

N n+1
1St @®lx =D& ISara @l = | D m(®)
i=1 A i=N+2 m

Finally, we have to verify that the random variables &1 (t),...,&,+1(t) and n1(t), ..., ma41(t) satisfy (24).
By the definition of the norm in .7, ([0, 1], ), we have

N+41
1 nt+1 ’ ‘m
ol = [lemraan = [ s awa
0 nil
i1
N " m N
T T g g T
J=i 5 =1
n+1
Whence it follows that
N k/m
(wa>
(RNE <y T 2 - P —
E|&@)]5 < k! (o E 1) k=2,3,..., i=1,...,N.
It is easy to verify that
N
D EIGO|S <kB*H?/2, k=23,
i=1

where

n 1/m
1
bni .
vn+1 (; )

=1

n n 2/m
2
BQZnHZ(Zb’”)  H=
Jj=i
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We now estimate E||.S,,+1(t)||x. Let m > 2. Then
N+1 i41
2/m N " - m 2/m
Snir ()3 /‘ /\dt) —( /‘ | +1bm-dt)
HHA(Z@ ) >[I 2w
T

2/m 1 N i my\ 2/m
= (Y b .
) n+l1 (E j=1 )

2.7
my\ 1/m
) | 20

o
= n+1

It follows that

N
1
E||Su1(t)]x < (BlSua(t)]3)"* < brill
ISl < (BISa 1) < =g | b)Y

Putting in (10) ¢ = 14 m/2, we obtain

i m/2
<o1 (ZE|TJ|’” <ZET;> ) (27)
j=1

where Cy(m) = max{(1 4+ m/2)"™;2(1 + m/2)™/2e!*+™/2}. Since E7} =1 and E|7|™ < T(m + 1), from
(27) we derive

< Cy(m)(14T(m + 1))i™/2. (28)

ZTJ

Substituting (28) into (26), we have

1/m
CY™(m)(1 + T(m + 1))/ .
BIIS, (0] < SR zz | =6

Now, consider the case 1 < m < 2. Applying the Holder inequality twice, we obtain the following
estimate:

i my\ 1/m

> )

j=1

1 N i 2\ m/2\ 1/m 1 N 1/m
< . . — -m /27 = ]
() ) alme) e

By analogy with the above,

7| i—1 1/m

N
m 1
=1

j=N+1
n+1
> Elm®)|f <kB*H*?/2, k=2,3,...,
i=N+2
n 1/m
g C(m) . )
E|lSh1(®)]lp < B2 = ( Z (i — N)™ bm) ,
vn+1 ol
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Observe that

n 1/m
max{f; B2} < B = C(m)(n+1)"1/2 (Z im/Qbm> )

=1

Substituting B2, H, and 3 into (25), we obtain (4). Theorem 1 is proven.
PROOF OF THEOREM 2. From (19) and Lemma 2 it follows that

1
+E} / ) dt
Nl

n(t, S 41 () dt

N+1
n+1

E|A,|" < 2”(‘/%15(; )) dt

0a])

T

n+1

=2"" IE‘/gon )dt

+2’I’ IE

\Z\H

N+1
n+1 1 r
<2"E ’ / on(t, Spt1(t)) dt + 2" 1\fE‘ / on(t,—=Sp+1(t)) dt (29)
N+1
n+1
Substituting (22) and (23) into (29), we obtain
n T
E[A,|" <4 (Z am) + 47 2B Sn 1 (O[5 + VIE| S (D)7 }-
i=1
It is proven in [19] that, for independent centered random variables Y7, ... Y, in a separable Banach

space, the following inequality holds:

n 12
E|[|Sa]l —E[|Sall ' < <ZE!YW (ZEHYéHQ> ) 1 =2, (30)
=1

where S, = 37 | 'V;, K is an absolute positive constant. Putting [ = rm in (30), we obtain

N N =
E[[[Sn1(Dx = E[[Spa (@®)[A[™ < (fﬁrm)’”m{z E[&@IN" + (Z Ell&(t)ﬁ) }
i=1

1=1

n+1 n+1 N
E|[|Sn1(8)lu = El[Snsr (O]l™ < (f(ﬂ"m)’”m{ > E\\m(t)\\Zer( > EHm(ﬂHZ) }

i=N+2 i=N+2

It is not difficult to verify that

rm—i— 1) al ' 2 1 - o

Jj=t Jj=t
i 2/m
T(rm+1) L 9 1 =t
il < - Hrm/z( 5 b) plul = 3 )
=N+1 j=N+1
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It remains to use the simple inequality (for an arbitrary norm)
E[[Sp1 (6™ < 27T El |Snt1 (O] = ElSpar (0] ™ + 27N E|Snga (1))

and the upper bounds for E||S,,+1(t)|[x and E||S,41(t)||, obtained in Theorem 1. Theorem 2 is proven.
3.2. Proofs of Theorems 3 and 4.
PROOF OF THE PROPOSITION. Items (1)—(3) are immediate from the definitions. Prove item (4).
Indeed, if h is a nondecreasing function, then

g, )W ()| dt = | FOW(@)dt+ [ (1— F()h(¢)dt
/ Jromo |
— h(2)(2F(2) — 1) / h(t) dF(t) + / h(t) dF (1)

< \h(Z)!Jr/!h(t)\dF(t): h(2)] + Elh(X1)],

and the same estimate holds obviously if % is a nonincreasing function. Thus, ap < 28¥"1(E|h(X1)|F +
(E[R(X1))*) < 2"E[A(X1)[". N

By the condition in item (5), finiteness of Hp is equivalent to that of Hp. Put P(t) = P{|X;| > t},
t > 0. It is not difficult to see that the convergence of

/ VF@)(1 - F(t)) dt
R

is equivalent to that of [;* \/P(t)dt. Thus, P(t) = o(t™?) as t — oo (see the Remark before Theorem 3).
Whence it follows that E|X1|?(logt | X1])~!~¢ < oo for all € > 0.
We now prove item (6). Since |/(t)| < §|t|%, for every tg > 0 we have

0 00
Hpgé/\t\ﬁx/F(t)(l—F(t))dtgd / \t\ﬁ\/F(t)dt—kd/tﬁ\/l—F(t)dt
R

zé/tﬂ(\/l—F(t)Jr\/F( dt<5f/t5\/1— t)+ F(—t)dt
0

< 0v2 t’8+1+5\[/t5\/ t) dt.

Furthermore, for all ¢ > ¢y from the Chebyshev inequality we obtain

2(8+1) + 2+4¢
t2(8+1) (log t)2+e

Thus, we have
o0

HFSC1+02/
to

dt

t(lOg t)1+s/2 < 00,
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where ¢ are co are some positive constants. The Proposition is proven.
PRrOOF OF THEOREM 3. Put

Zfz ) z = ()—I{Xi<t}.

Obviously, E&;(t) = 0, E€2(t) = F(t)(1 — F(t)). Since
On(F(1)) — on(Fn(t)) < nep|F(t) — Fu(t)] = cnlSn(t)]; (31)
substituting (31) into (13), we obtain

Ly +m < Cn/ SR (8)] dt = enl|Snll, (32)
R

where || - || is the standard norm of £ (R, u), u(dt) = |h/(t)|dt.
By the definition of the norm in .} (R, i), we have

1€ :/F(t)_I{Xi <t}|\h’(t)dt:/g(t,Xi)\h’(t)!dt-
R

R

Ell& " = / ( / 9(t, 2) W (1)) dt>de(z) = o,

R R

Whence we obtain

Now we evaluate E||S,||:

E|S,| = /E|Sn GIAG) |dt</(Esg(t))l/ﬂh’(t)mt

R

R
=i [ (B0 = F©) 21 (0)]de = He v
R

It is proven in [20] that, if independent random variables Yi,...,Y,, in a separable Banach space
satisfy
1 = R |
P{Yi+- -+ Yol 2w} =< 5 and ;EHY@'II Juo < 55, (33)
1=
then the following inequality holds for all u > uq:
n
log3 [ — uy\ 153 > Ely|f
P{|Yi+ -+ Y| > u} < — . 6l 34
(V4 4% 2 s (Ut} gl (31

In the same paper it is noted that if the first condition in (33) holds, then both conditions of (33) hold
for uf = (36 31, B||Yi||")/t. Relation (14) follows from (32) and (34).
Next, let oy, < k!\B2H*"2/2, k=2,3,.... Then

k—2

"~ H
ZEII&II’“ = nay, < k!(nB?)

i=1
and (15) follows from (25).
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Suppose that |X;| < b almost surely. Then

X; b b
l&ll = [ PO @ld+ [0~ Fe)m Ol < [ 10 de= b
—-b X; —-b

Finally, to obtain (16) we employ inequality (1.2) in [21]. Theorem 3 is proven.

PROOF OF THEOREM 4. From (30) and (32) we have

E|Ly + 7" < GE|ISa]* < 2" G {(E]Sul)" + E[|Sa] — E|lSa[II*}

n k/2

< 2P (BIISal)* + 25 e (Cok)* ZEH&H'“ > E[&)?
=1

< ok=lck (Hllfﬂnk/Z + (Cgk)k(nak + nk/Qag/z)) < ok=1ck (H}? + (Ck:)kozk)nk/z,

where Cy and C' are absolute positive constants. Theorem 4 is proven.
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