1 Markov Chains, Random Walks and Regen-
erative Processes

1.1 Markov Chains on a real line R. Main definitions

Definition 1 Let {X,,,n > 0} be a sequence of r.v.’s. We say that X =
{X,,n > 0} is a Markov Chain (M.C.) with initial distribution P®) and
with transition probabilities { P, }n>o, if

P(X,€ B)=P9(B), BecB
and P, : R x B — [0,1] are such that
(a) VBeB, P,(,B)isameasurable function P,(-,B) : R — [0, 1];
(b) Vz eR, P,(x,-)is aprobability measure on R;
(c)Vn>0,VBeB, Vxg,...,z, €R,

P(X,1€B| Xo=m0,...,Xp =) =P(Xo11 € B| X, = ) = Po(n, B).

Il
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Definition 2 MC is homogeneous in time, if Bh =P, = ... =P, = ...

We shall consider homogeneous in time MC’s only.

Denote by &, = X,, — X,,_1,n > 1, the increments of MC. Then ¢, have
the following conditional distributions:
forn>1,Be€B

P<€n+1€B‘X0:LEO,,Xn:l’n):P(Xn+1—xn€B‘Xn:l'n):

=P(X,11 €2, +B| X, =2,) = P,(zp,z, + B),

where z + BY {z +y,y € B}.

Definition 3 MC X = {X,,,n > 0} is a random walk (RW), if the transition
probabilities P(x,z + B) do not depend on x (¥ B € B).



For a RW, {¢,},>1 form an i.i.d. sequence with distribution
P(£1 € B) = P<OaB>
and § = Xo L {& )t

Definition 4 MC is finite (countable), if there exists a finite (countable)
set X C R:

(a) POX)=P(Xo e X)=1;

b)VzeXx, P X)=1

Remark 1 Generalization onto R® ...
Examples.
(1) Simple RW.

Gl -1
\p\qz —p

Xo=0a.s., {&}arei.i.d.,

Lemmal PEAn>1:X,=0=1 <<= p=q=1/2
(2) Reflected RW.

Xo = ¢ =const> 0, {£,} —i.i.d.,
X1 = max(0, X, + 1) = (X + &)™

Xn+1 = maX<N7 Xn + fnJrl) =N + (Xn + €n+1 - N)+
(X, = X] + N, X, —reflected at 0).

(a) reflected at point O: {

(b) reflected at point NV: {

(3) Xo=c=const, X,,11 = | X, + &)

(4) Oscillating RW.
{&.},{nn} are i.i.d. and mutually independent,

£, if X, <0

XO = ¢ = const, Xn+1 - Xn + {nnv len >0



1.2 Random Walks. Classification

X():SO:O, Xn:Sn:§1+—|—§n,n21
Assumption. P(§ >0) >0, P(& <0)>0.

Set
S, = max(0,5,...,S,) — partial maximum;
S,, = min(0, Sy, ...,S,) — partial minimum.
=sup S, = lim S, — total maximum;

n>0 n—oo

= inf 5, = lim S, — total minimum.
n>0

n—oo

K

s _ min{n >1:5, > 0};
T oo, if S, <0VR>1
— the first strict ascending ladder epoch, or the first entrance time to

(0, 00), or the first hitting time.
W {min{nz 1:S5, >0}

= T Voo, ifS, <0Vn>1
e weak ... ... [0,00)..
S min{n >1:5, <0};
~ | oo, ifS,>0Vn>1.

W min{n >1:5, <0}
- | oo, if S, >0Vn > 1.

Define

u? = STf — the first strict ascending ladder heigth ,

1%.74 o . .
uy = STXV — ... strict descending ...,
ud = STf — ... weak ascending ...,
uV =S w — ... weak descending ...

S

(assume, f.e., uj = —o0, ifrf = 00).

(?7) How to check, whether P(7%¥ < o0) = 1 or < 12



Define recursively: {¢(M} = {&,}, p®M =7V, ) =Y.

On event {uM < oo}: {¢?} = {5,51(2)%}, p®, u®.

On event {4 < oo, ..., ™ < ook: (€0} = €)1, pmh), i,
Then: ™M, .. arei.i.d.

H,(n) = En,(n)=1+ ZP(#(U o+ ™ <)
1

= 1+ZP<S7120757LZSI77S7ZZS7L—1)

1

So,if H,(n) = oc0casn —o00 =P <o0)=1.
... bounded = P < 00) < 1.

(?7?) Assume, P(7/V < o0) = 1. How to check, whether ET/V < oo or

= o0?
We know:
H,(n) 1
— .
n Er}”
Put h, =P(S, > 0,5, > S1,...,5, > Sn_1).

Lemma2 h, =P(S; >0,5>0,...,5, >0).



Proof. Set&; =¢,, 6 =61,-.,8, =6, 5= +...+&,7=1,...,n.
Note: {¢/} arei.id., & 2 & and S, — Syp—j = Sj. Therefore,

B :1%9>05 &>o,”ﬁg—&qzoy:

(Sn Z Oasn—l 2 07"'a51 Z 0)
O
Corollary 1 h, > h,1 Vn.
Then:
If b, — 0, then E7}¥ = cc.
If limh, = ¢ > 0, then Er}" < .
Remark 2 Similar observations — for Tf WS,
Remark 3 Setc=P(7{ > 7}V) =P} =0). Thenc < 1.
Indeed, P(u?¥ > 0) > P(& > 0) > 0.
Problem No 1. Setc_ = P(7% > 7). Prove: ¢ = c_!
Lemma3 P(r}¥ <o0)=1 <= P(ri<o0)=1
Proof. <. 7'+ >7'+ a.s.
=,
Tf - ,u(l) ](u(l) > 0) + (M(l) + M@)) . [(u(l) =0,u? > 0)+
+(pD 4+ ™) T =0, u™) =0,u® > 0) ..
= 1O £ 4@ T = 0) + 1@ - T(u® = 0,u® = 0) +
00 i—1
(%) T_EZZ,U(Z)'HI(U(J):O) and Vm=1,2
i=1 j=1
P(r% <o00) >P(rd <3 (77771 - P ﬂ{u(j =0})=1-c""1—1
i=1
O



Corollary 2 Assume P(7} < o0) =1.

Then .
P(ui>:1:):1 Py >z) Va>0.
—c
Indeed,
P(uf >z) = P >z)+Pu® =0,u® >z)+...
1
= P(u(l)>:c)(1+c+cz—|—...):1—-P(uy>x).
—c

Therefore,

Corollary 3 Vr >0, E{(u!)} =E{(u)"}-(1-¢).

D 1 -
Indeed, v = uf - @, where a L u?; o= {

) =Pl >z,a=1)=P@us >z) Pla=1)).

Therefore,

E{(u)'} = B{(u - )"} = B{(u)" - a} = E{(uS)'} - B

c .
(since P(ufa >

O
Corollary 4 From (x),
00 il ] 1
Erf =Y ESpuD [ 1w =0) p = EpV(1+ct.. 4cm+...) = — Er".
. . —_— C
=1 j=1

Lemma4 P(7° <oc0) <1 <= P(r} <o00)=1and ET? < co.

Corollary S There exist 3 possibilities only:
(“+7) P(ri<oo)=1; (“=7) P(r¥<o0)<1; (“0") P(r9 <o0)=1

ErY < o0; P(79 < 00) = 1; E7? = oo;
P(m° < ) < 1; ET° < o0; P(m°% <o0) =1
Em° = o0o;



Proof of Lemma 4. Assume P(7% < 00) < 1. It means:
P(Sl ZO,SQ 20,75n20,> > 0.

Buth, =P(S;>0,...,5,>0)>h>0 Vn.

Then A,(n) > hVn = from Lemma 2 and its corollary, ETXV <00 =
from Lerrrblma 3
and Corollary 4, ETf < 0.

Vise versa... O

Remark 4 (a) IfP(79 < o0) = 1, then S = 0o a.s.
(b) If P(r¥ < 00) < 1, then S < ¢ a.s.
and v =min{n : S, = S} < co a.s.

AN T T/
/| / \

Indeed,
(@) u, u®, u® arei.i.d., P(uM > 0) =1,

Su <Svm; Y u® — coas.

i=1 i=1

(b) Let p + 1 =min{n : u™ < oo}, v =37 u®. Then
S=25,.

7



Assume E|{;| < oc.

Lemma 5 IfE& > 0, then P(79 < 0c0) = 1 and E7 < 0.

Proof.

(1). Without loss of generality, one can assume that 3 N > 1: P(& <
N)=1.
Indeed, if it is not true, then choose N > 1 : E{min({,N)} > 0 and
introduce

gn:min(fn,N), S, =&+ ...+ &, %f:min{nz 1:8, > 0}.

Since &, < &, a.s. Vo = 79> 75 as.
(2). So, assume P(§; < N) =1 for some N < oco. SLLN:
Sn a.s. S
— S E{ >0 = 77 <ooas.
n
Note: since 77 is positive and integer-valued, Er = ZP(Tf > 7).
=1

Fix an arbitrary n = 1,2,... and set

First,
Vol < Z &l = E[Va] < oo
1
Second,
Vn:ui, ifnZTf, and V, §0<ui, ifn<7’f.
Third,

0<ui§Na.s.

Therefore, V,, < u? a.s. and EV,, < Euf < N. But

n

EV, = B(& I(r > i) = ‘Z:Eé} P(r} > i) = B - iP(Tf > ).
1 1

1
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Then Y P(75 > i) < N/E& = const < oo V n.
1

Then ,}LIQOZP(TE > i) =E7 < 0. O
1

Lemma 6 IfE¢ =0, then P(7] < 00) =P(7% < o0) = L.

Proof. Assume, by contradiction, that P(75 < oco) < 1 (the case P(77 <
o0) < 1 is symmetric to that).
= E77 < 0o = From Wald identity,

0<Euf =E& -Erf =0

= contradiction O

Corollary 6 A simple random walk.

1.3 Random Walks. Existence of moments of hitting times

Let {{,} bei.i.d.,
=& -6 B =a<0, 7= =min{n>1:5, <0},u=_5,.

Theorem 1 Let k> 1. IfE(§)F < oo, then ETF < 0.

Proof.

1) For K =1 — was proved. .

2) For L > 1, put &, = max(&,, —L) > &, as., 5, =& +...+&, > S,
a.s. Vnand 7 =min{n >1:5), <0} > Ta.s.

Choose L such that E¢, =’ < 0.

If we prove the statement of the Theorem for 7/ = we prove it for 7!

3) So, without loss of generality, one can assume that

JL>0:P& >-L)=1 = PO<-u<L)=1!



4)ar =ar —u+u.
Make use of the following algebraic inequality:

oo+ BI* < 287 (Jal" +181%)

and take a = ar — u, 3 = wu.
= Jar* < 27 (Jar — uft 4 [ul) < 271 (ar — ul* + LF)

= la"E(7") < 2571 (E(lar — ul*) + L)

= It is sufficient to prove a finiteness of E(|ar — u|*).

5) 7, = min(7,n). Since 7 is a ST, 7, is, too (V n).

u—ar =S, —ar =>7_,(& —a). Puty; = ¢ —a.

Note: E¢p; = 0, E[gy|F < 221 (B|&|* + |alf) < 00. (2?7 see manual)
Put

Tn

Vnzzqvbz sz T>Z n—1+¢n'1(7—2n)'
1

Note: EV,, = E7, - Eyp; =0 (since 0 < 7, < 7, ET < o0)

and
E (|Vn|k) < O i) ) <o V.
6) Make use of the other algebraic inequality:
o+ BI* < Jal* 4+ Cr - o' - sign() - 6+ Caoul 8",
where (', and Uy, are constants that depend on £ only,
I,ifa>0
sign(a) = 0,ifa=0
-1,ifa < 0.
Take a =V, 1, B =1, - I(T > n).

E(|Vn’k)§E(’Vn—1’k) + CQk'E{Wn|k' T>”}+
o B{Via P sign(Von) - I 2 ) - 1)

Set C' = max(Cyy, 1).
Note: le’¢1‘ < 00, E’¢2‘ < 00, ¢1 1 ¢2 }:> E¢1¢2 = E¢1 . E¢2
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(a) Since 1, and I(7 > n) are independent = |¢,,|* and I(7 > n) are

= Cop B{|vnl* I(r 2 n)} = Cox EB{[enl'} P(r>n) <
< C-E{fvnl'} - P(r>n) < oo
(b) Since |V,,_1|*7* - sign(V,,_;) - I(7 > n) are independent,
E(|...]) < E(max(|V,_1|"* 1)) < E(max(|V,_1|",1)) < E[V,_1|* + 1 < oo,

= E{..-¢,} =E{.} Ep, =0.

Therefore,

B(Va) <E(Varl*) +C-E(jer]*) - P(r 2 n)

= induction... E(|V,") <C-E(|¢n]")  Sr, P(r > i)
SKEC’-E(|@ZJ1|’“)~ET<OOVTL.

7) Set

Note:

z, = IVl i r<m = Z, < [V,,|* a.s.
0, otherwise

= EZ, < K Vn.

Next Part
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