
1 Markov Chains, Random Walks and Regen-

erative Processes

1.1 Markov Chains on a real line R. Main definitions

Definition 1 Let {Xn, n ≥ 0} be a sequence of r.v.’s. We say that X ≡
{Xn, n ≥ 0} is a Markov Chain (M.C.) with initial distribution P (0) and
with transition probabilities {Pn}n≥0, if

P(X0 ∈ B) = P (0)(B), B ∈ B

and Pn : R× B → [0, 1] are such that

(a) ∀ B ∈ B, Pn(·, B) is a measurable function Pn(·, B) : R→ [0, 1];

(b) ∀ x ∈ R, Pn(x, ·) is a probability measure on R;

(c) ∀ n ≥ 0, ∀ B ∈ B, ∀ x0, . . . , xn ∈ R,

P(Xn+1 ∈ B | X0 = x0, . . . , Xn = xn) = P(Xn+1 ∈ B | Xn = xn) = Pn(xn, B).

Definition 2 MC is homogeneous in time, if P0 = P1 = . . . = Pn = . . . ≡ P .

We shall consider homogeneous in time MC’s only.

Denote by ξn = Xn −Xn−1, n ≥ 1, the increments of MC. Then ξn have
the following conditional distributions:

for n ≥ 1, B ∈ B

P(ξn+1 ∈ B | X0 = x0, . . . , Xn = xn) = P(Xn+1 − xn ∈ B | Xn = xn) =

= P(Xn+1 ∈ xn +B | Xn = xn) ≡ Pn(xn, xn +B),

where x+B
def
= {x+ y, y ∈ B}.

Definition 3 MCX = {Xn, n ≥ 0} is a random walk (RW), if the transition
probabilities P (x, x+B) do not depend on x (∀ B ∈ B).

1



For a RW, {ξn}n≥1 form an i.i.d. sequence with distribution

P(ξ1 ∈ B) = P (0, B)

and ξ0 ≡ X0 ⊥ {ξn}n≥1.

Definition 4 MC is finite (countable), if there exists a finite (countable)
set X ⊆ R:

(a) P (0)(X ) ≡ P(X0 ∈ X ) = 1;
(b) ∀ x ∈ X , P (x,X ) = 1.

Remark 1 Generalization onto Rd ...

Examples.

(1) Simple RW.

X0 = 0 a.s., {ξn} are i.i.d.,
ξ1 1 -1

p q = 1− p

Lemma 1 P(∃ n ≥ 1 : Xn = 0) = 1 ⇐⇒ p = q = 1/2.

(2) Reflected RW.

(a) reflected at point 0:

{
X0 = c =const≥ 0, {ξn}— i.i.d.,
Xn+1 = max(0, Xn + ξn+1) ≡ (Xn + ξn+1)

+.

(b) reflected at pointN :

{
Xn+1 = max(N,Xn + ξn+1) ≡ N + (Xn + ξn+1 −N)+.
(Xn = X ′n +N,X ′n — reflected at 0).

(3) X0 = c =const, Xn+1 = |Xn + ξn+1|.

(4) Oscillating RW.
{ξn}, {ηn} are i.i.d. and mutually independent,

X0 = c = const, Xn+1 = Xn +
{
ξn, if Xn < 0

ηn, if Xn ≥ 0
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1.2 Random Walks. Classification

X0 = S0 = 0, Xn = Sn = ξ1 + . . .+ ξn, n ≥ 1.
Assumption. P(ξ1 > 0) > 0, P(ξ1 < 0) > 0.

Set
Sn = max(0, S1, . . . , Sn) — partial maximum;
Sn = min(0, S1, . . . , Sn) — partial minimum.

S = sup
n≥0

Sn ≡ lim
n→∞

Sn — total maximum;

S = inf
n≥0

Sn ≡ lim
n→∞

Sn — total minimum.

τS+ =

{
min{n ≥ 1 : Sn > 0};
∞, if Sn ≤ 0 ∀n ≥ 1

— the first strict ascending ladder epoch, or the first entrance time to
(0,∞), or the first hitting time.

τW+ =

{
min{n ≥ 1 : Sn ≥ 0};
∞, if Sn < 0 ∀n ≥ 1

.... weak ... ... [0,∞)..

τS− =

{
min{n ≥ 1 : Sn < 0};
∞, if Sn ≥ 0 ∀n ≥ 1.

τW− =

{
min{n ≥ 1 : Sn ≤ 0};
∞, if Sn > 0 ∀n ≥ 1.

Define

uS+ = SτS
+
— the first strict ascending ladder heigth ,

uW+ = SτW
+

— ... strict descending ...,

uS− = SτS
+
— ... weak ascending ...,

uW− = SτW
−

— ... weak descending ...

(assume, f.e., uS+ = −∞, if τS+ =∞).

(?) How to check, whether P(τW+ <∞) = 1 or < 1?
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Define recursively: {ξ(1)
n } = {ξn}, µ(1) = τW+ , u(1) = uW+ .

On event {µ(1) <∞}: {ξ(2)
n } = {ξ(1)

µ(1)+n
}, µ(2), u(2).

...
...
...

On event {µ(1) <∞, . . . , µ(m) <∞}: {ξ(m+1)
n } = {ξ(m)

µ(m)+n
}, µ(m+1), u(m+1).

Then: µ(1), µ(2), . . . are i.i.d.

Hµ(n) = Eηµ(n) = 1 +
∞∑
1

P(µ(1) + . . .+ µ(m) ≤ n)

= 1 +
n∑
1

P(Sn ≥ 0, Sn ≥ S1, . . . , Sn ≥ Sn−1).

So, if Hµ(n)→∞ as n→∞ |=⇒ P(µ1 <∞) = 1.
. . . bounded |=⇒ P(µ1 <∞) < 1.

(??) Assume, P(τW+ < ∞) = 1. How to check, whether EτW+ < ∞ or
=∞?

We know:
Hµ(n)

n
→ 1

EτW+
.

Put hn = P(Sn ≥ 0, Sn ≥ S1, . . . , Sn ≥ Sn−1).

Lemma 2 hn = P(S1 ≥ 0, S2 ≥ 0, . . . , Sn ≥ 0).
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Proof. Set ξ′1 = ξn, ξ′2 = ξn−1, . . . , ξ
′
n = ξ1, S ′j = ξ′1 + . . .+ ξ′j , j = 1, . . . , n.

Note: {ξ′i} are i.i.d., ξ′1
D
= ξ1 and Sn − Sn−j = S ′j . Therefore,

hn = P(Sn ≥ 0, Sn − S1 ≥ 0, . . . , Sn − Sn−1 ≥ 0) =

= P(S ′n ≥ 0, S ′n−1 ≥ 0, . . . , S ′1 ≥ 0) =

= P(Sn ≥ 0, Sn−1 ≥ 0, . . . , S1 ≥ 0).

ut

Corollary 1 hn ≥ hn−1 ∀ n.

Then:
If hn → 0, then EτW+ =∞.
If limhn ≡ c > 0, then EτW+ <∞.

Remark 2 Similar observations — for τS+ , τ
W
− , τS− .

Remark 3 Set c = P(τS+ > τW+ ) ≡ P(uW+ = 0). Then c < 1.

Indeed, P(uW+ > 0) ≥ P(ξ1 > 0) > 0.

Problem No 1. Set c− = P(τS− > τW− ). Prove: c = c−!

Lemma 3 P(τW+ <∞) = 1 ⇐⇒ P(τS+ <∞) = 1.

Proof. ⇐. τS+ ≥ τW+ a.s.

⇒.

τS+ = µ(1) · I(u(1) > 0) + (µ(1) + µ(2)) · I(u(1) = 0, u(2) > 0)+

. . . +(µ(1) + . . .+ µ(m)) · I(u(1) = 0, . . . , u(m−1) = 0, u(2) > 0) + . . .

≡ µ(1) + µ(2) · I(u(1) = 0) + µ(3) · I(u(1) = 0, u(2) = 0) + . . .

(∗) τS+ =
∞∑
i=1

µ(i) ·
i−1∏
j=1

I(u(j) = 0) and ∀m = 1, 2, . . . ,

P(τS+ <∞) ≥ P(τS+ ≤
m∑
i=1

µ(i))(????)1− P(
m−1⋂
j=1

{u(j) = 0}) = 1− cm−1 → 1

ut
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Corollary 2 Assume P(τW+ <∞) = 1 .
Then

P(uS+ > x) =
1

1− c
· P(uW+ > x) ∀ x ≥ 0.

Indeed,

P(uS+ > x) = P(u(1) > x) + P(u(1) = 0, u(2) > x) + . . .

= P(u(1) > x)(1 + c+ c2 + . . .) =
1

1− c
· P(uW+ > x).

Therefore,

Corollary 3 ∀ r > 0, E{(uW+ )r} = E{(uS+)r} · (1− c).

Indeed, uW+
D
= uS+ · α, where α ⊥ uS+; α =

{
1, 1− c
0, c

(since P(uS+α >

x) = P(uS+ > x, α = 1) = P(uS+ > x) · P(α = 1)).
Therefore,

E{(uW+ )r} = E{(uS+ · α)r} = E{(uS+)r · α} = E{(uS+)r} · Eα.

ut

Corollary 4 From (∗),

EτS+ =
∞∑
i=1

E

µ(i) ·
i−1∏
j=1

I(u(j) = 0)

 = Eµ(1)(1+c+. . .+cm+. . .) =
1

1− c
EτW+ .

Lemma 4 P(τS− <∞) < 1 ⇐⇒ P(τS+ <∞) = 1 and EτS+ <∞.

Corollary 5 There exist 3 possibilities only:
(“ + ”) P(τS+ <∞) = 1; (“− ”) P(τS+ <∞) < 1; (“0”) P(τS+ <∞) = 1

EτS+ <∞; P(τS− <∞) = 1; EτS+ =∞;

P(τS− <∞) < 1; EτS− <∞; P(τS− <∞) = 1

EτS− =∞;
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Proof of Lemma 4. Assume P(τS− <∞) < 1. It means:

P(S1 ≥ 0, S2 ≥ 0, . . . , Sn ≥ 0, . . .) > 0.

But hn = P(S1 ≥ 0, . . . , Sn ≥ 0) ≥ h > 0 ∀ n.

Then
Hµ(n)

n
≥ h ∀ n |=⇒ from Lemma 2 and its corollary, EτW+ <∞ |=⇒

from Lemma 3
and Corollary 4, EτS+ <∞.

Vise versa... ut

Remark 4 (a) If P(τS+ <∞) = 1, then S =∞ a.s.
(b) If P(τS+ <∞) < 1, then S <∞ a.s.
and ν = min{n : Sn = S} <∞ a.s.

Indeed,
(a) u(1), u(2), u(3) are i.i.d., P(u(1) > 0) = 1,

m∑
i=1

u(i) ≤ S ∀ m;
m∑
i=1

u(i) →∞ a.s.

(b) Let φ+ 1 = min{n : µ(n) <∞}, ν =
∑φ

1 µ
(i). Then

S = Sν .
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Assume E|ξ1| <∞.

Lemma 5 If Eξ1 > 0, then P(τS+ <∞) = 1 and EτS+ <∞.

Proof.
(1). Without loss of generality, one can assume that ∃ N � 1 : P(ξ1 ≤

N) = 1.
Indeed, if it is not true, then choose N � 1 : E{min(ξ1, N)} > 0 and
introduce

ξ̃n = min(ξn, N), S̃n = ξ̃1 + . . .+ ξ̃n, τ̃
S
+ = min{n ≥ 1 : S̃n > 0}.

Since ξ̃n ≤ ξn a.s. ∀ n |=⇒ τ̃S+ ≥ τS+ a.s.
(2). So, assume P(ξ1 ≤ N) = 1 for some N <∞. SLLN:

Sn
n

a.s.→ Eξ1 > 0 |=⇒ τS+ <∞ a.s.

Note: since τS+ is positive and integer-valued, EτS+ =
∞∑
i=1

P(τS+ ≥ i).

Fix an arbitrary n = 1, 2, . . . and set

Vn =
n∑
1

ξi · I(τS+ ≥ i) ≡
min(n,τS

+)∑
1

ξi.

First,

|Vn| ≤
n∑
1

|ξi| |=⇒ E|Vn| <∞.

Second,
Vn = uS+, if n ≥ τS+, and Vn ≤ 0 < uS+, if n < τS+.

Third,
0 < uS+ ≤ N a.s.

Therefore, Vn ≤ uS+ a.s. and EVn ≤ EuS+ ≤ N . But

EVn =
n∑
1

E(ξi · I(τS+ ≥ i)) =
n∑
1

Eξi · P(τS+ ≥ i) = Eξ1 ·
n∑
1

P(τS+ ≥ i).
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Then
n∑
1

P(τS+ ≥ i) ≤ N/Eξ1 ≡ const <∞ ∀ n.

Then lim
n→∞

n∑
1

P(τS+ ≥ i) = EτS+ <∞. ut

Lemma 6 If Eξ1 = 0, then P(τS+ <∞) = P(τS− <∞) = 1.

Proof. Assume, by contradiction, that P(τS− < ∞) < 1 (the case P(τS+ <

∞) < 1 is symmetric to that).
|=⇒ EτS+ <∞ |=⇒ From Wald identity,

0 < EuS+ = Eξ1 · EτS+ = 0

|=⇒ contradiction ut

Corollary 6 A simple random walk.

1.3 RandomWalks. Existence of moments of hitting times

Let {ξn} be i.i.d.,
ξi = ξ+

i − ξ−i , Eξ1 = a < 0, τ ≡ τS− = min{n ≥ 1 : Sn < 0}, u = Sτ .

Theorem 1 Let k ≥ 1. If E(ξ+
1 )k <∞, then Eτ k <∞.

Proof.
1) For k = 1 — was proved. k > 1 .
2) For L � 1, put ξ′n = max(ξn,−L) ≥ ξn a.s., S ′n = ξ′1 + . . . + ξ′n ≥ Sn

a.s. ∀ n and τ ′ = min{n ≥ 1 : S ′n < 0} ≥ τ a.s.
Choose L such that Eξ′n = a′ < 0.
If we prove the statement of the Theorem for τ ′ |=⇒ we prove it for τ !
3) So, without loss of generality, one can assume that

∃ L > 0 : P(ξn ≥ −L) = 1 |=⇒ P(0 < −u ≤ L) = 1!
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4) aτ ≡ aτ − u+ u.
Make use of the following algebraic inequality:

|α+ β|k ≤ 2k−1(|α|k + |β|k)

and take α = aτ − u, β = u.
|=⇒ |a|kτ k ≤ 2k−1(|aτ − u|k + |u|k) ≤ 2k−1(|aτ − u|k + Lk)

|=⇒ |a|kE(τ k) ≤ 2k−1(E(|aτ − u|k) + Lk)

|=⇒ It is sufficient to prove a finiteness of E(|aτ − u|k).

5) τn = min(τ, n). Since τ is a ST, τn is, too (∀ n).
u− aτ = Sτ − aτ =

∑τ
i=1(ξi − a). Put ψi = ξi − a.

Note: Eψi = 0, E|ψi|k ≤ 2k−1(E|ξi|k + |a|k) <∞. (?? see manual)
Put

Vn =
τn∑
1

ψi ≡
n∑
1

ψi · I(τ ≥ i) ≡ Vn−1 + ψn · I(τ ≥ n).

Note: EVn = Eτn · Eψ1 = 0 (since 0 ≤ τn ≤ τ,Eτ <∞)
and

E
(
|Vn|k

)
≤ E

(
(
n∑
1

|ψi|)k
)
≤ . . . <∞ ∀ n.

6) Make use of the other algebraic inequality:

|α+ β|k ≤ |α|k + C1,k · |α|k−1 · sign(α) · β + C2,k|β|k,

where C1,k and C2,k are constants that depend on k only,

sign(α) =


1, if α > 0

0, if α = 0

-1, if α < 0.

Take α = Vn−1, β = ψn · I(τ ≥ n).

E
(
|Vn|k

)
≤ E

(
|Vn−1|k

)
+ C2,k · E

{
|ψn|k · I(τ ≥ n)

}
+

+ C1,k · E
{
|Vn−1|k−1 · sign(Vn−1) · I(τ ≥ n) · ψn

}
.

Set C = max(C2,k, 1).
Note: if E|φ1| <∞, E|φ2| <∞, φ1 ⊥ φ2 |=⇒ Eφ1φ2 = Eφ1 · Eφ2.
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(a) Since ψn and I(τ ≥ n) are independent |=⇒ |ψn|k and I(τ ≥ n) are

|=⇒ C2,k · E
{
|ψn|k · I(τ ≥ n)

}
= C2,k · E

{
|ψn|k

}
· P(τ ≥ n) ≤

≤ C · E
{
|ψn|k

}
· P(τ ≥ n) <∞

(b) Since |Vn−1|k−1 · sign(Vn−1) · I(τ ≥ n) are independent,

E(| . . . |) ≤ E(max(|Vn−1|k−1, 1)) ≤ E(max(|Vn−1|k, 1)) ≤ E|Vn−1|k + 1 <∞,

|=⇒ E{. . . · ψn} = E{. . .} · Eψn = 0.

Therefore,

E
(
|Vn|k

)
≤ E

(
|Vn−1|k

)
+ C · E

(
|ψ1|k

)
· P(τ ≥ n)

|=⇒ induction... E
(
|Vn|k

)
≤ C · E

(
|ψ1|k

)
·∑n

i=1 P(τ ≥ i)

≤ K ≡ C · E
(
|ψ1|k

)
· Eτ <∞ ∀ n.

7) Set
Zn = |u− aτ |k · I(τ ≤ n).

Note:

Zn =

{
|Vn|k, if τ ≤ n

0, otherwise
|=⇒ Zn ≤ |Vn|k a.s.

|=⇒ EZn ≤ K ∀ n.

Next Part
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