1 Elements of renewal theory

1.1 Notations and definitions

Let {{,}n>1 be an i.i.d. sequence of r.v.’s; P(§, > 0) = 1; P(¢, > 0) > 0.

Leté L {&.}n>13P(60>0)=1.Set Sy =&y Sn =6 +&+...+ &, n> 1.
S, 18

undelayed <= ;=0 a.s. (or zero-delayed)

delayed <= P(& >0) > 0.

n(t):I(Sogt)—l—max{nz():snSt}E#{nZO:Sngt}EiI(Skgt)

k=0
is a renewal process, t > 0.

{n(t),t > 0} is (un)delayed <= {S,} is (un)delayed.

) = Bi() = B{ 3 105 < )} = S B{I(S. < ) = 3PS <)

k=0 k=0 k=0
1s a renewal function.

Both 7(t) and H(t) are monotone , right-continuous.
Examples.

[1] Deterministic undelayed renewal process:
G=06=1n>1 = nt)=[]+1=H().
[2] Homogeneous Poisson process:
=0, € Exp(\),n>1 = nit)—1T(\t);H(t) =N+ 1.

Show that any renewal process is well-defined and has “good proper-
ties”.

Remark 1 Fort <0, putn(t) =0and H(t) = 0.



Remark 2 By definition, 1 + max{n > 0: 5, <t} =min{n >0: 5, > t}.

Theorem 1 (i) V renewal process, ¥Vt >0,

P(n(t) <oo)=1 and H(t) < oo.

(i1) Moreover, 3¢ >0:

E(exp{en(t)}) <oo Vit >0.

In particular,
E(n(t)*) <oo Vk>0,Vt

Proof. Without loss of generality, one can consider undelayed renewal

processes only. Indeed,...
Let {S,,} be an undelayed sequence and {7(¢),t > 0} — corresponding

undelayed process.
1).PE >0>0 = Je>0: P& >¢) =p>0. Introduce

r.v.’s &

5*_{5, if§, > ¢ }:{s, w.pr. p >0
10, ifo<é, <e ST L0, wpr.g=1—1p.

& <&as. Vn = Si=&g+...4& <5,as.

= ") =#{n:S; <t} >#{n:5,<t}=n(t)as. YVt

= it is sufficient to prove the theorem for n*(¢).

2). Put
& 1, wprp>0 5 _ - .
R RS S R
M) =#n: S <ty =#{n: 2 sty =#{n: S <oty =o'
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= it is sufficient to prove the theorem for 7j(¢).
3)n(t) =n(jt])) Yt =  one can consider integer values of ¢ only.
4) Set

Vlzmin{n:gnzl}, ngmin{nzgn:2}—y1,...,

l/m+1:min{n:gn:m—{—l}—yl—l/g—...—um, m > 2.
Then
(1) v1,V9,...,Vp,...arel.i.d. r.v.’s;
(i) v; € G(p);
(i) 7(t) =1+ ...+ v + 11 < 0 as.

(iv) H(t) = Ej(t) < (t + 1)Ev, = T < 0.

Moreover, forc > 0,t > 0,

E {exp (en(t))} < E{exp (c(n + .. 4 viga))} =

= E {H exp (cyz-)} = H E {exp (cv;)} = [E{exp (cz/i)}]pr1

=1

and
oo pe’, ifg=0
B{exp ()} = X exp(ek) p- 0" =) ESnee. g)fifg >0,
k=1 7 k=1
Sinceg < 1
= take c¢< —logg. .

Definition 1 4 r.v. £ has a lattice (arithmetic) distribution, if 3 h >0

i P(¢ = kh) = 1. (1)

k=—00
has a lattice distribution with span hy, if hy is minimal between all
numbers h which satisfy (1).
... has a non-lattice distribution, if ...
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Lemma 1 For any undelayed renewal process and for any 0 < z <,
H(t) = H(t —x) < H(z) and n(t) —n(t —z)<an(z).

Proof. Letn=n(t —z) =min{n: S, >t —xz}.

Ht)—H({t—z)=E{#{n:t—x< 5, <t}} =
=E{#{n:t—x<S, <t} - 1(S, <)} =E{#{n>n:S, <t} - I(S, <t)} =
CE{(1+ #5018, <1))-1(S, < 1) <
<1+E{#{n>n:85,<t}-I1(S,<t)} =
=1+E{#{n>n:5,-5,<t-=8,}-1(S, <t)} <
<1+E{#{n>n:5,—-95, <z} -1(5,<t)}.

Put éz - €T7+i7i 2 19
Then {¢; }i>1 are independent of S, and

#n>n:S,—S, <a}-I(S, <t)=#{i>1:5 <z}-I(S, <t).
Therefore,

H(t)— H(t—x) <1+ B{#{i>1: 5 <} 1(S, <t)}
ST+E{#{i>1:85 <a}}=H(x).

Consider undelayed renewal process.
Law of large numbers (LLN) for renewal process:

Theorem 2. (LLN for RP)



(1) IfE& = a < oo, then

nt) » 1
t a

(i1) IfE& = oo, then
10 x,

Strong law of large numbers (SLLN) for renewal process:

Theorem 2°. (SLLN for RP)

G ...... %% ... Problem No 1

Central limit theorem (CLT) for renewal process:

Theorem 3. (CLT for RP) IfE{; = a < oo and D¢, = E(& — a)? =
0? < oo, then ¥ x > 0

P ng —><I>(:U)E&/exp{—y2/2}dyast—>oo

to?
ad
t)—1
(in slightly other terms, nt) = ta =1 & N(0,1))
to
ad

Integral renewal theorem:

Theorem 4. (IRT)

Hit 1
T()—>—ast—>oo; a=E¢§ < oo.
a

Local renewal theorem:

Theorem 5. (LRT) or Blackwell’s RT Assume a < oc.



(a) &, have a lattice distribution with span h >0 = H((n+ 1)h) —

H(nh) - —asn — oo
a

(b) &, have a non-lattice distribution =  H(t+u)—H(t) — Yvuso

a
ast — oo
Theorem 6 Assume a < oo and b = E&} < cc.
t b
(b) &, have a non-lattice distribution =  H(t) — — — 552 98 t— 00
a a
h
(a) &, have a lattice distribution with span h >0 =  H(nh) — e,
a

..asn — oo

Comments... 1) What for delayed ...
2) How we will proceed with proofs.
Proofs of Th’s 2—4 — Definitions of stationary RP — Coupling of two
renewal processes — Proofs of Th. 5(a) and of Th. 6

The proof of Th. 5(b) will be done later on.

Proof of Theorem 2.

Sn Sn a.s.
(i). LLN: == 2 4, SLLN: 23 ¢,
n n

The following two events coincide:

{n(t) >k} = {5 <t}

Therefore, Ve >0

P (‘?ﬂt) ! > 5) =P (7755?5) 1 > 5>+P (77?) — Cll < —5) = Pi(t)+D(1).

t a a

Pi(t) = P<@>5+2> :P<n(t)>t<g+é>> _

t
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Sp ot
P1<t):P(77(t>>l):P(SzSt):P(Tl§Z>
Note:
t t < t 1
I - 1 1 1
(D] ey
a t
2
and, fort > —,
€
t< 1 1 B ae B 5
(S 14| T T 5 | =a—01,
5t~ 51T = €+ —
2 a 2 a a

2
where 0; > 0. So, fort > —, t — 00, [ = [(t) — o0
€

P(%g%) §P(%§a—51>—>0andpl(t)—>0.

Similar arguments show that P,(t) — 0. Problem No 2: Prove it!

(i1). Assume E¢; = a = oo. We have to show that

t
Ve>0, P<Q>5>—>Oast—>oo.

Note:

E¢ = lim E{& - I(& < N)j

1 €
= aﬁi-

Put& =&, - 1(& < N),E: = ay < oo,



and
t *(t *(t 1 1
(102 = o[ ) ep (M0 (o 1))
t t t an an
*(t 1
< P ”<)>—+5>—>o (as follows from (i)).
t an 2
Proof of Theorem 3. CLT Sn_na:>¢@]\7(0 1)asn — oo
: : , — 00.
Vno?
Now:
Sk —ak _t—ak
P(n(t)>k):P(Sk<t)—P<k d “)
ovk oVk
Therefore,
n(t) —t/a t to?\
P = >z | =P n(t)>a+x e = P(t)
ad
Set
t to?
[=1t) = |-+ o/ Z
(&)= | +z\ 3
P(t):P(n(t)>l):P(Sl<t):P<Sl_algt_al>
oVl oVl
Here




= —x+o(l).

Therefore,

P@%:P<%;;l§—m+oﬂ0—e@@ﬁ):;%;/emﬂ—fﬂhw

and 1 — P(t) — 1 — &(—x) = ®(x). 0

Proof of Theorem 4. Lete > 0 be defined as in the proof of Theorem 1. In
order to simplifize some notations, assume ¢ = 1. Then £ = &,.
(a). Since

n®) oo+ _n{@+1) [H+1
t — [t] [t +1 ]
and
n) _ n(lt) _ ndtl) [

t 2[t]+1: 1 [+1

then similar inequalities are valid for H(¢), too (replace n by H ewery-
where) and, therefore, it is sufficient to prove Theorem 4 for ¢t — integers

only.
= Instead of “¢”, I’ll write “n”.
(b). We know:
n(t) » 1
t a

H 1
If we prove that they are Ul = Eﬂ = A — —.

n n a
Let’s prove it:

We know (see the proof of Theorem 1 for notations):

Ogn(n) < n(n) §V1+...+Vn+yn+1z
n n n




n+...+vp+vp n+1 1
. —>EI/1:

_ — (LLN)
n+1 n p
and
/et ntlp el
n n p
}:> {U1+...+Vn+1} areUI }:> {M} areUI-
" n

1.2 Stationary Renewal Processes

For a renewal process {7(t),t > 0}, for any ¢t > 0 define the forward recur-
rence time (excess)

x(t) = Sny — t, x(t) >0 a.s.

and the backward recurrence time (defect)

y(t)=t— Sn(t)—15 v(t) > 0 a.s.

Definition 2 We say that {n(t),t > 0} is stationary (in continuous time), if
{x(t),t > 0} is stationary (in continuous time)
Remark 3 If {x(t),t > 0} is stationary, then ¥t > 0,2 >0
n(t+ ) —n(t) 2 n(x) —n(0).

Indeed, Vt, put

&' =x(t) and & =& n=12,..
Then (as we know),

{0z areiid., €266 L {60}

= If e’ 2 68%, then {¢\”, {¢V} 21} have the same distribution V ¢.
(More “correct” definition: “{n(t),¢ > 0} has stationary increments”).
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Definition 3 Assume that & has a lattice distribution with span h > 0, and
P(& € {h,2h,3h,...}) = 1. We say that {n(t),t =0, h,2h,...} is stationary
in discrete time, if {x(t),t = 0,h,2h,...} is stationary in discrete time.

Start with stationary RP in discrete time (DTSRP).

h-P(& > mh)
a

Lemma 2 [fP(§ = mh) =
DTSRP.

, then {n(t),t = 0,h,2h,...} is

Proof. Put P, = P(& > mh), p, = P(& = mh).
Induction arguments: it is sufficient to show that y(1) £ &.

PX(1) 2 mh) = P(& > (m+ D)+ P& = b & > mh) +P(& = h& = 0,6 > mh) +
= P(6 2 (4 DR+ (P poPu+ BPa+ ) =
= PG> (mt )+
(SinceP1>0,p0+P1—1}:>1+po+p§+...—%).
1
O

Remark 4 [In the proof— “iff”.

Remark 5 For h = 1. (It is a scaling parametr, we can always ...

Nzgn e a

n > 0; Efnzﬁ, n>1)

Remark 6 For h =1,

E{ = Zm-P(fozm):—Zm-Pm:aZm-Zpl:
m=1 m=1 l=m

: > z2+z 1

1 o0
- a;pl.mz:;m: Zpl 2a(b+a)’

where b = E&2.
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CTSRP (continuous time ...)

Lemma 3 Let {{,},>1 have an arbitrary distribution with finite mean a =
E&;.
If

PG >0) = [Pl >y)dy Va0 )

then {n(t),t > 0} is CTSRP.

Remark 7 (a) & has an absolutely continuous distribution with density

a a

(1-F(z)) = in (2),P(& > z) = P({ > 2).
(b) P(& > y) may be replaced by P(& > y).
Proof.
1). Forany m = 1,2,.. ., introduce {£™}:
1
take h,, = om and put £ = lh,,, if &, € [lhp, (1 4+ 1)h,,].

Note:
5,(17”) & as. Vnasm — oco.

2). V¥ m, introduce &™:

P (& > khy,) = %m P (g™ > kh).

Show that &™) = ¢, from (2).
We know: if h,, - k,, — t, h,, — 0and f > 0is bounded and integrable,

then S f(lhm ) — / F(u)du.

l=km

t
Putk, = |— 1.
u [h F

P > 1) = P67 > ] b ) = s 3 PE™ > ) o =
m I=km



1 & 17
= 7 P> ) b — = [ Pl& > w)d
1=k y

3). Construct a coupling: 5(()"1) % £

4). Since Sy = & has a continuous distribution = the same for any
Snym 2 1.
Take any t > 0

= PAn:S,=¢) <> P(S,=1)=0

A
= VweQ\A Vn=01,...,7(t)(w) < oo,
Sﬁlm) — S, |:> 77(m) (t) — T](t) and S,r](m)(t) —t— Sn(t) — 1. O
Remark 8 If {n(nh),n =0,1,...} is stationary in discrete time with span

h, then )

H(nh) = % Vin=0,1,...
Indeed, H(0) = 0 and H(nh) = H(h)— H(0)+ H(2h)— H(h)+. ..+ H(nh)—
H((n—1)h) =n- H(h). From Theorem 4,

H(nh) 1 _h
i = H(h)—a.

Indeed, H(0) = 0 and, forc = H(1), H(n) =nc; H(1/m) = ¢/m:

(0= (3) o (2) - (2 - (7))
= H (%) = %c for any positive integer n, m

= since H is right-continuous, H(t) =tc Vt.

Proof of Theorem 5(a).
Assume that & has a lattice distribution with span h = 1. It means:
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(a) P(& €4{0,1,2,..1) =1,

(b) G.C.D.{m:P(§, =m) >0} =1. Problem No 3: Why?

Lemma 4 Let {1, }32, be ani.i.d. sequence of symmetric r.v.’s;

1, w.pr. o
=4 —1, wpr.a 2a4+r=1,a>0.
0, w.pr. r

Consider a sequence Xo =k € Z, X,, =k+ > ¢, n>1.
Then ;= min{n > 1: X,, =0} < 0o a.s.

Proof — later on (in the section “Random Walks™).

1%t step. Assume that 3¢ > 0: p; := P(§ =14) > 0 and p; 1, > 0.
Set

o= Zai; a; =min(p;, piv1) = a>0.
i=0

We shall use the coupling from Lemma 9, Section “Stopping Times”.
Consider a sequence {1 },>1 and construct, on its base, {{,2},>1 :

i—1, w.pr.a;_1/p;
Vn>1 Vi>0,if¢,; =14, then§, o =4 i+ 1, w.pr. o;/p;
i w.pr. 1 — (a; + a;—1)/pi
(here a_; = 0).
In other words, we can introduce a family of r.v.’s {3,(i) },,>1,>0 that
are mutually independent; L of {{,} and V n,i

—1, W.pr. Oéifl/pi (: O, lfpZ = O)
i, W.pr. 1-— (O[i + ai—l)/pi (Z 1, lfpZ = 0)

Then — pUt 571,2 - gn,l + ﬁn(ﬁn,l)-
(i). Show that &,5 2 & ;.
Indeed,

P(én,2 = 2) = P(fn,Q = ivgn,l =1+ 1) + P(gn,Z = iagn,l = 2)

14



+ P(gn,Q = ivgn,l =1 — 1) j_

a; a; a;
= DPit1- +pi'<1_—+l>+pz‘—1'
Pit1 Di Pi—1

Q;

= Di-
(11) P(€n72 — fn,l = :l:l) = }:} Put 'lbn = é-n’Q — 5”71'

(ii1) Let my, my > 0 be two integers. Consider two renewal sequences

n
€01 =S01=m1, Sp1=m+ Z&,l
1

n
So2 = So2 = ma, Spo=my+ Zfz’,z
1

n
Then X,, := Sp2 — Su1 = k+ > _ 4, where k = my — my = from
1
Lemma above,
p=min{n >1:5,; =S5,2} =min{n >1: X, =0} < oo a.s.

(1v) Assume, more generally, that {;; and y» are r.v.’s. Then, for any
coupling of §o,1, o,

P(r < oo) = Z P(fo,l =my,§p2 = ma)-P(p < oo | §01 =m1,&2 = my) = 1.

mi,m2

(v) Take &1 = 0, .2 — from the stationary version.

én,la lfTL § 12
PUtfozé‘O,l:O,gn:{én,Q’ 1fn>,u
Then
P(n(k+1) —n(k) € B) =
=P(n(k+1)—n(k) € B; S, <k)+P(n(k+1)—n(k) € B; S, >k) <
<P(na(k+1) —no(k) € B; S, <k)+P(S,>k) <
S Pa(k+1) —m(k) € B) + P(S, > k) =
= P(a(l) = n2(0) € B) + P(S, > k).
Similarly,

P(n(k+1) —n(k) € B) > P(n(k+1) —n(k) € B; S, <k)=

15



P(na(k +1) —na(k) € B) = P(na(k +1) —nm2(k) € B; S, > k) >
P(na2(1) —12(0) € B) — P(S, > k).

AVANI

= sup[P(n(k +1) —n(k) € B) = P(no(l) —12(0) € B)| < P(5, > k) = 0
(3)

as k — oo.
Finally, since {n(k + 1) — n(k) }x>o are Ul,

Hk +1) — H(k) — Hy(l) — Hy(0) = é

Remark 10 Take B = {0}. Since {n(k +1) — n(k) =0} = {x(k) > {},
= PO 20— P22 ) =, D P

Phenomenon: ...

Remark 11 Since {y(k) > m, x(k) > 1} = {x(k—m) > 1+ m},

= POWzm B2 > R
r=l4+m
= P(y(k) >m, x(k) =1) =
=P(y(k) =2 m, x(k) 21) =P(y(k) =2m, x(k) =2 1+1)
— %Pm—i-l = %P(fl >m -+ l)
= POy(k)=m, x(k) =1) =
=P(y(k) = m, x(k‘)1= ) =P(y(k) =2m+1, x(k) =1)
— —Pm+i

27d gstep. Whattodoifa; =0 Vi=0,1,...?
Since G.C.D.{m >1:p, >0} =1,

Amo>1:Vm>mg, 3L =1Um); Fiy,...,0; Iry,...,1 >0
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pil-piQ-...-pil>Oandm:r1 ...+
):> P(ST1+...+T‘Z = m) Z p;l ‘e pll > O

So, we can take m; = mg, me = mg + 1 and consider “blocks” (see
Lemma 10 from section “Stopping Times”).

Proof of Theorem 6 (due to T.Lindvall).

(b). Let & be independent of {¢,,} and &/, =¢&,,,n > 1,5/, =&, +
wiy + .. 4+, n> 1) =#{n>0:8, <t}

Assume that £ has a density —7x’ x > 0. Then n/(t) is stationary
a
renewal process, and H'(t) = En/(t) = t/a, t > 0.
We have
H(t)—t/a = H(t)— H'(t) =En(t) — En(t) =

H
E(n(t) —n'(t) = E{#{n:t - & < S, < t}}.

Since

E{#{n:t—¢ <S5, <t}}=E(t)=
_E{E{#{n t—¢& <5, <t} 6}

=E{H(t) - H(t - &)}
as t — oo (see the Corollary of Theorem 5),
a

and H(t) — H(t — &) 23 &

b .
then E(t) — E@ = 5. if{H(t)— H(t—¢&}),t > 0} are UL Let’s prove the
a a
latter fact.

(a). Note that EH (§)) < oo. Indeed,
@ —>%ast—>ooandH(t) /!
= Jaconstantc: H(t) <c(l1+t)Vt
= EH() <E{c(1+&)} = c(1+E§) <infty.
H(

(b). Note that H(t) — H(t —x) < H(x) V2 > 0 (see Lemma 1). There-
fore,

H(t) = H(t—&) < H(0)+ H(t) — H(max(0,t — &)) < H(t — max(0,t — &)) +

17
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< H(&)+ H(0) as. forallt.
= {H(t)— H(t—¢&)),t >0} are UL O

Proof of Theorem 6(a) is similar to that of (b) (only one change: consider
t on lattice only).

1.3 Transient renewal processes (terminating)
Assume that {{,,},>1 are i.i.d. generalized r.v.’s (defective):
P >0)=1, P, <oc0)=p<1, PE=x)=q¢=1—-p>0.

S, =& + ...+ &, — undelayed sequence (smth. 400 = 00, 00 + 00 = 00)
n(t) — renewal process, H(t) — renewal function,

v : {V:k}:{gl<OO,...,§]€<OO,§]§+1:OO}.
If ¢ > 0, then

Plv=k)=p"¢, k>0 and Ev=" < .
q

Lemma 5 tllrgo]:l(t) <oo <= ¢>0.
Proof <.
¢q>0 = n(cc)=vandEv = g = En(co) > En(t) Vt.
=. Assume q = 0.
= Pn(t)>k)=P(S, <t) —-last—o0 VEk.

k, ifn(t) >k
0, otherwise.

Set i (t) =k-I(n(t) > k) = {

Then n(t) > ¢i(t) a.s. VEk

= H(t) = En(t) = Egp(t) = k- P(n(t) > k) — kV k

18



= litmian(t)zlch = Jim H(t) = oo.
O
Let {¢,} be an i.i.d. sequence, P(¢, > 0) = 1,P(§, > 0) > 0, and

Sy =& 4 ... 4+ Sy = 0.
Let {£/} be an independent copy of {&,}; S, =&+ ... +&,.

Lemma 6 [f & has a non-lattice distribution, then Y h > 0, V § <
h 3 ny, No Z 0:

P(S;L2 — Sp, € (h—106,h)) > 0.
APPENDIX (the Proof of Lemma)

Denote by K the support of {S,, },,>0, i.e.

K={z>0:Ve>03n : P(S,€(x—¢c,x+¢)) >0}.

Properties of IC :

1) K is unbounded.
Indeed, ifr e CF=me e CYm =2,3,...

P (Sym € (mx —e,mz+¢)) >

P <Sn € (mx — E,mz—k E),Sgn — S, € (mx — E,mx—k 3),
m m m m

ey Smn — S(m,l)n € ()) =

= {P (Sn € (mx — E,mx—i— i))] > 0.
m m
2) K isclosed set.

Assume z; € K,y — o= Ve >0, 31 |y —z| <e/2and I n:
P(S,€(x—¢/2,x+¢/2)) >0.But(x —¢/2,x+¢/2) C (z —e,x +¢)

= PS,e(x—cr+4+¢)>0 = zek.
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3) If z,y € IC, then for any positive integers m and [, mz + ly € .
Indeed, put z = mx + ly. Take any € > 0, sete’ = n
m
ni,Ng:

; and choose

P(S,, €(x—¢c,z+¢€))=p >0

P(Snz € (y - glay + 5/)) =p2 > 0.
Then

P (Smn,tin, € (2 —¢€,2+¢)) >

>P(Sn €(@—c x4, Sm = Sny € (), Sumy — Sim—tymn € (-2);

Smnitny — Smny € (y - 5/7 Y+ 5/)a ey Sy +ing — Smn1+(lfl)n2 € ( ))
= pi'ph > 0.

4) 0e K.
For a point z and a set A, define a distance d:
A) = inf |z — y|.
d(w, A) = inf |z —y|
Theorem 7 If &, has a non-lattice distribution, then the set IC is asymptot-

ically dense, i.e.

d(z,K) —0 asz — oc.

Assume that the Theorem is proved. Prove Lemma.

Ve>03z:d(x,K)<e Va>ux
= dJyeK: da,K) =1 —y| <2
= dngc:
P(A)) = P(S,, € (r1 —3c,21+3¢)) >P(S,, € (y—e,y+e)) >0.

20



Take o = x1 + 2, z > 0 is arbitrary.
Similarly, 3 no:
P(AQ) = P(S:l2 € (ZL‘Q — 35,1’2 + 35)) > 0.

If A; N As occurs, then

Sy, —Sn  <xy+3e— (w1 —3)=2+06¢
Spy — Sy > x93 —3c — (214 3¢) = 2 —6¢

Therefore,

P(S,, — Sn, € (2 —6e,2+6¢)) > P(A; N Ay) =P(A;) - P(4;) > 0.
= for a given h,J, take e = 0/12, z = h — Ge. O

Now, let’s prove the Theorem.
It is based on the following “arithmetical”

Lemma 7 V closed unbounded set A C R,
either
(a) 3 asequence {y,}, y, € Aandy € A:
Yn =y and yn F YV n; Yp # Yym YV n #Fm;
or
(b) A ={yo,v1,¥2, ...}, where y, — o0 as n — 0.

An elementary proof is omitted.

Lemma 8 [f, for the set K, (a) from Lemma 7 takes place, then K is asymp-
totically dense.

Proof. Without loss of generality, assume y, to be strictly increasing,
y > 0 (the proof of other cases is similar).

Pute, =y —y, and A,,,, = [my,, my) form =1,2,.. ..

Note that the points
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MYn, (M —Dyn +y, (M —=2)yn+2y, ..., Yo+ (m — 1)y, my

belong to K and divide A,,, into m intervals of length ¢,,. So, for any m,
ifz € A,,,, then

d(z,K) < e,.

Put

mo = min{m > 1: (m+ 1)y, < my}.
Then

U Am,n == [moyn; OO)
m=mg

|:> Vz € [moynv 00)7 d(l‘, K) S En

= limsupd(z,K) <e, Vn>1
Tend n — oc. U

Assume now that £ = {yo,y1,¥2,...}, where yo = 0, Y11 > ¥, V n and
Y, — 00 aS M — 0O.
Since K 2 {y1,2y1,3v1,...,my1,. ..},

= 0<tni1 = Ynp1 —Un <y V0

Consider the set
L={t,;n>1}

There may be two possibilities:
either £ is infinite
or L is finite (i.e. ¢, take fiite number of different values only).

Lemma 9 [f L is infinite, then K is dense.
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Proof. Since 0 < ¢, <y, there exists a subsequence ¢/, — t,t #tV n,
t! #t ¥V n# m. Then the proof is similar to that of Lemma 8 (omitted).

Lemma 10 [f L is finite, then & has a lattice distribution.

(29
Proof. Setd = min{t € L} and § = ¢, for some m. Prove that ~ isan

integer for all n. Assume it is not true and 3 n:

tn

gzkn—l—&tn; 0<e, <1, k, >1— an integer.

):? Yn+1 — Yn = kn(s + 5n6 = kn(ym-‘rl - ym) + 6n(s-
Note that y,+1 + kwym € K, yn + knYme1 € K and

0< (yn-i-l + knym) - (yn + knym—&-l) =£,0<0

= 3J0: ys1—y <d = Contradiction! ad

Next Part
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