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On the ergodicity conditions for stochastically
recursive sequences
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The ergodicity criterion for stochastically recursive sequences is given in terms of
imbedded subsequences. Several examples are considered.
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1. Introduction

Let (2, #,) and (%, %, ) be two measurable spaces, [ ZX > 2 a
measurable function and {£,, — <n <}, {W,, n> 0} two sequences of ran-
dom variables on the probability space (2, %,, &) with values in %" and &,
correspondingly. We shall say (see [1]) that {W,, n >0} is a stochastically
recursive sequence (SRS) with driver ({¢,}, f) if it satisfies the relations

Woir=fW,, £,), n>0. (1)

SRS is known to play an important role in queueing analysis. One can find
the first steps in the studying of SRS in [2] in the case 2= R when the function
f is monotone on the first argument. Borovkov (see [3]) obtained general
ergodicity and stability results for SRS based on the ideas of the so-called
renovation method. Franken et al. (see, e.g., [4]) proved several results for SRS
based on the theory of point processes. The given results were applied for the
study of queueing models (see also [5,6] and references in these papers).

We shall suppose in this paper that (2, #,) and (%, #,,) are separable
metric spaces and {£,} is a stationary metrically transitive sequence.

We shall say that a sequence {W,} has coupling ergodic property (CEP) if there
exists a stationary sequence {W"} such that

P{W,=W¥* for each k >n} > 1 as n— . (2)
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Note that the existence of the stationary sequence of the so-called renovating
events (see [3]) is sufficient but not necessary for CEP (see also [6,7]). Therefore
it is interesting (at least) to formulate the criteria (necessary and sufficient
conditions) for CEP, and we obtain one of them in this paper. More specifically,
we shall demonstrate that if {W, } has CEP (where 1 <v; < -+ <p,< -+~ isa
random sequence of a special form) then {W,} has CEP too

The idea of this criterion is close to the well-known ones in the theory of
Markov chains and regenerative processes. For example, assume that W, is a
homogeneous Markov chain with “positive” atom x € X such that for this x the
recurrence time 7 = min{k: W, =x /W, = x} has finite mean and G.C.D. {n: P{r
=n}>0}=1. Let v, <w»,< --- be the consecutive recurrence times: W, s
min{n > W, : W, = x}. The sequence {W, } consists of constants. Partlcularly, it is
stationary and has CEP. Therefore the 1n1t1al sequence {I,} is known to obtain
CEP (see, e.g., [8, chapter 6]).

2. Definitions and main result

Introduce o-algebras %, = o, k <n}, —o <n<wand F= % =o{¢,, —~=
< k < o}, Define the measure-preserving shift transformation U of Fmeasura-
ble r.v.’s such that U¢, = £, |, and shift transformation T of Fmeasurable sets
such that T{w: £,(w) € B} ={w: £, (w) € B}, B& %,,. We shall use the nota-
tion U", T", — o < n < « for the iterations of the corresponding transformations
(see, e.g., [2].

Let now {A4,=T"4,, —~o<n<x}, A,€ F,P{A,} >0 be a stationary se-
quence of events. Introduce random variables v, = 0, v, = min{r > 0: I(4,) =1},
v_;=max{n <0: I(4,)=1}, v, =min{n >v,: I(4,) =1}, v_,_, =max{n <
v_,: I(A,) =1}, k > 1; and variables u, =v, —v,_;, — <k <. Note that v,
are finite a.e. Here I(A) is an indicator of an event A.

Introduce the space

Y= U kK< = U {(k v 00)s Visee s i€ ¥}

k=1 k=1

with o-algebra @By = 0{%By ., k > 1}, where B4, ={D = (k, B), B € By:}. De-
fine the sequence

£, = (Bns1s s & s1sevs€, 1)y —®<n<
and measurable function F: 2°X % — 2 of the form
F(x,(k, yioeo s ¥)) =Ffao(X, Y1 ¥i), k=1,
where f(1)= f and
faern(Xs Y1oees Vi) =F(fao( X5 1o ¥i)s Vieyr) fork>1.
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The sequence W, = W, , n >0, satisfies the recursive relations
Wir =F(W,, &), n>0,

i.e. it is SRS with the driver {{5‘?~ }, F}. Note that {f } may not be a stationary
sequence in general. Partially, if {¢,) is an i.i.d. sequence and events A, belong
to g-algebras o{¢,_,} then {£,, n>1)is an iid. sequence.

Assume that (2) takes place for a certain sequence {W} of Smeasurable
r.v.’s taking values in & Therefore we shall say that {W} c-converges to {W"}
(and write W, —— W"). It follows from (2) that A =min{n > 0: W, =W" for
all k >n} is a.e. f1n1te random variable.

Introduce o-algebra

G =olbe, k<n); F'=9;
Fo={E€c FE=4,nC;Ce F'},

probability measure Py(E)=Py(A4,NC)=P(4,NC)/P(A4,) and define_the
shlft transformation 7 on the probability space Ay, F, Py): if C~—{§k

,gk €D}k < -+ <k, D,€ By, 1<i<l, E=A,NC, then TE = A
ﬂ TC wher~e C = {§k +1E€Dy,..., €41 €D;}. One can deflne the shift trans-
formation U similarly.

LEMMA 1 _
T and U are measure-preserving shift transformations.

It follows from lemma 1 that {g,;n} is a stationary sequence on the probability
space { Ay, Fy, Py)-

On the probability space (2, &, P) define the random variables W, ,
U™'W,,,, i,n > 0. Note that for every i >0 the sequence {W,, n > 0} satlsfles
the equations: W, ,,,=f(W, ;, £,), n>0. It is clear that if {W} c-converges to
the stationary sequence {W"} then for every i >0 the sequence {W,;} c-con-
verges to {W"} also.

THEOREM 1
The following two conditions are equivalent:
(1) SRS {W} has CEP;
(2) there exists a stationary sequence of events {A, = T"4,}, P(4,) > 0 and (on
the probability space { A,, F,, Py)) the stationary sequence of r.v.’s (W)
such that for every i > 0 the sequence

I/f/n+1,i= ( 7,02 f ) n>0, WO,i':WO,i
c-converges to (W) on (A,, %, P,).
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3. Proofs

Proof of lemma 1
We have to prove that the equation

Pﬂ{’fz €Dy, .. 7‘51',,+1€Dn) = Po(‘fil EDla---’é‘:in EDn) (3)

takes place for all integers n>1, i; < --- <i,, —0<[/<o and for all sets
D,,...,D, € %5. For the sake of simplicity, we shall obtain (3) for n=1,
D, =D =1{k} XB, BE By, i; =0. The following equations are valid:

Po{‘sgl ED} = P{Ao N <M1+1 =k, (f,,,a . --7§V,+1) EB}}/P{AO}

= EIP{AO N {Vl =r, L =k, (gra""§r+k—1) EB}}/P{AO}

=1/P{A} X L P{Agn{v_ =1, =k, (&,...,6_1) € B}}

r=I
= P{Aom {I-Ll =k, (EO’-"’gk—l) EB}}/P{AO}
=p{é,eD}. O

Proof of theorem 1.

— It is clear that the statement is valid for 4, = (2.

< For any — <i,l < introduce random Varlables v =Ulv, p;=Ul,
and §,l = U’ (partlcularly, Vo=V, Wg=u; and =) For any —o <i <
we can define the probability space (A4;, &, P) similarly to the space
(Ay, Fy, Py). On the space (4, Jl, P,) we can mtroduce the shift transforma-
tions U/ and T}, where U;= U is such that U£,,=¢,,,; and U/, T/ are the
iterations of U,, Tl, correspondmgly

Let W" be the stationary sequence defined in theorem 1 and x € 2 be
some constant. Denote

Jrn W”  on the event Ay
X on the event A,;
and W™= UiW™, —w <n,i< o,

LEMMA 2
Under the conditions of theorem 1 the equation

n+10 =F(Wn,0’ g"n) (4)

is valid P-a.e. on the event A4, for every n.
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Proof
Without loss of generality, we can prove (4) in the case n =0 only. Note that

P (W10 = F(17°0, £,,))

>P0{l70_’W,0 WO, o = F(Uo II/f/l,O; s‘;o,o)}

= PO{WZ,O = WI’OQ I’f/1+1,o = WIH’O}
—PO{W,C0 WO for all k > l} -1 asl-oow. O

Define for k <! the events
-1

N 4;

Jj=k+1

D, =4, N ﬂA,,WhereA—]:Q—Aj.

LEMMA 3
Under the conditions of theorem 1

Wn+1 k _ Wn A (5)

P-a.e. on the event D, for every n, k <.

Proof
We shall prove (5) in the case k =0, n = 0. Note that

P{D,, N {710 = W‘”}}
P{Dmm {W 0 Ul - 1W+11a ZA ﬁgil’fli,o;
O™ W1 = U5 W)

and U,"’ W, 1= =U; ’W,0 P-a.e. on the event D, for every i > 0. Therefore
the right hand side of the previous inequality converges to P{D, } as i » . O

Introduce the stationary sequence {W"}:

W on the event A;

WO = -
f(k)(W“k’O, §_k,...,§_1) on the event 4_, N

0
N A_,-),k>1;
j=k+1

Wr=U"W?, —w<n<oo.
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LEMMA 4
Under the conditions of theorem 1

Wn+1 =f(wn, En)

P-a.e. for every n.

Proof
It is clear that

w! =f(k+1)(W—k’Oa E krens fo) =f(W07 50)

P-a.e. on the event A, and

W= W0 = k1 Ef‘(k+1)(W_k’0, E priis go)

= F(Fao (50, £ v €4), £0) =F(WO0, &)
P-a.c. on the event D_, , for k>0. O

Now we can perform the concluding step of the proof. Define for k > 0 the
events

E,=A,N

k-1
N4
j=0
N

For every € > 0 let N =N(e) > 0 be such that P{ |J A4;} > 1 —¢. Then
i=0

P{W,=W* for all k >n}=P{W,=W"}

l
M=z
ok
=)
L
RS
S
=
N
D
~
5
iy
x_

and for [=n—k%

P{{UW,,, =W'}NnT*E } P{{v, <} NT*E,} > P{T*E,} = P{E,}

as | - o, Here y, = min{v,: W, , =W, = = W"}. Therefore
lim inf P{W, = W* for all k n}>1

for every € > 0. The proof of theorem 1 is completed. O
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4. Examples

EXAMPLE 1

Let L be a non-negative integer. We shall say (see [3]) that the event 4, € &
is renovating on the interval (n — L, n) for SRS {W} if there exists a measurable
function g such that

Wo1=8(&-rs--r€,) (6)

P-a.e. on the event A,. The sequence of events {A,, n > n,} is the renovating
sequence for SRS {W)} if there exist a non-negative integer L <n, and a
function g such that (6) takes place for every n > n,. Borovkov ([3]) obtained
the following result:

THEOREM 2
If{A4,=T"A,, n > ny}, P{LA,} > 0 is a stationary renovating sequence for SRS
{W,} then the sequence {W,} c-converges to a stationary one.

Note that theorem 2 is a simple corollary of theorem 1. Indeed, it is clear
that the sequence W" = g(jyn_ Loeves §Vn) is stationary on the probability space
(Ao, F4, Py) and W, ,=W"™ Pg-a.e. for every i > 0.

EXAMPLE 2

We shall apply theorem 1 to the queucing system with several types of
customers. Define a stationary metrically transitive sequence {¢, =(7,, g, S,)}
where 7, are inter-arrival times, S, is the service time and o, is the type of the
nth customer, o, € {1, 2, 3} a.e. Consider a 2-station open queueing system with
3 types of customers and FCFS discipline. The nth customer has the type i if
o, =1i. The customers of the first type are served on the first station, the
customers of the second type on the second one, the customers of the third type
on both stations in parallel. In this system the vectors of virtual waiting times
(W, =(W,,, W,,)} satisfy the recursive relations:

(Wz,l+sn_—7—n7 I/Vn,Z_lTn)_‘— lf 0n=1;
I/Vn+1= (I/Vn,l—Tn’ I/I/;z,Z_i—‘S'n_q-n)_‘— If Un=2;
i(max(W,.,, W) +8,—7,)" if 0,=3;
where i =(1, 1).
Consider the sequence A4, = {0, _; = 3}. Denote

Vn+]_2

(pn,1= Z Si'I(‘7i=1)>
7"n+1—n2

d)n,z: Z Si'I(O'i:z)’
i=v,

n



294 S.G. Foss / Ergodicity conditions

&, =max(P, ;, P,,) +S, _,, where {v,} were defined in section 2. It is clear

that on the probab1l1ty space (Ay, F, Py the sequence {@,} is stationary but

may be not metrically transitive in general. There exist several versions of

sufficient conditions for the metrical transitivity of {®,}. We shall consider one

of them. For each n > 0, introduce o-algebra %, generated sequence {¢,, &, . 1,
..). Denote by & the tail g-algebra #=1lim,,_,, %,.

COROLLARY 1
Suppose that
(1) o-algebra & is trivial, i.e. it consists of two elements only: 2 and @;
(2) Eyfdy) <Er,/P{A}.
Then there exists a stationary sequence {W"} such that {W} c-converges to {W"}
for any initial condition W,.

Proof 7

It is clear that the sequence {W,=(W, w1 W2} satisfies the equations
W W 2 ae. on A, for all n> 1. Denote u, —W1 and note that u, =
F(u £, ) where funct1on F has the form F(u,, § )=max{¥,;, ¥, ,, u,+P,~
T} Here

Yot

= Z T
i=yp,
1P‘n—l,j = maX{O, Sv -1,37 Tvn—l’ SV —-1,j + Sv —2,j _Tvn—l - Tvn—Z’
Y +Sv —2] +S e1id o=l Ty—2 T 7 _Tvn_l}

and S, ; =S, Io, =j), j=1,2,3. Denote ¥, =max{¥,,, ¥,,}, v, =u, - ¥,_,,
=&, —-T, —~V, Then

V,p1=max(0,v,+¥,_,+1,), n=0.
Under condition (1) the sequence {¥,_, +TI,} satisfies SLLN. Therefore the

n

ergodicity condition for {v,} has the form
E{¥,_1+T,} =E({®, - T}
=E{®,} - E{T,} <0,
where E{T)} =E7,-Elv,) =E7,/P{4,}. O

v,—1,j
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