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M O M E N T  INEQUALITIES FOR G E N E R A L I Z E D  
L - S T A T I S T I C S  t) 

I. S. Borisov and E. A. Baklanov UDC 517.53 

1. I n t r o d u c t i o n  and  s t a t e m e n t  of the  ma in  resul ts .  Denote by X l , . . . ,  g n  independent iden- 
tically distributed random variables. We study statistics of the type 

~n := ~ hni(gn:i), (1) 
i=1 

where Xn:l < ""  <<_ X,:n are the order statistics based on the sample {)(4; i <_ n} and hni : R ~ R, 
i = 1 , . . . , n ,  axe measurable functions. In particular, if hni(y) = cnih(y) and the function h(y) is 
monotonic then ~,~ represents the classical L-statistic. 

Without loss of generality, we can assume that X1 has the exponential distribution with parame- 
ter 1 because we can define an arbitrary sample {1~;i < n} by the formula I~ = G - I ( F ( X i ) ) ,  where 
F is the distribution function of X1 and G-~(z)  = inf{t : G(t) > z} is the quantile transform of 
the distribution function of Y1. Since the superposition of the functions G -1 and F is monotonic, 
G - I ( F ( X , : I ) )  < . . .  < G- l (F(Sn:n) )  represent the order statistics based on the sample {I~; i < n}. 
Thus, 
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Z hni(Yn:i) -- y ~  [lni(gn:i), 
i=1 i--1 

where hni(z) := hni (G- l (F(z) ) ) .  Choice of the exponential distribution is explained by the structure 
of the corresponding order statistics (see Section 2). In particular, in [1] this property provided 
asymptotic normality of the classical L-statistics. 

The functionals (1) of this general form are called 9eneralized L-statistics. For the first time, these 
statistics were introduced in [2, 3]. The Fourier analysis of distributions of ~5,~ is contained in [4]. 
Note that the integral type statistics (integral functionals of the empirical distribution function; for 
example, the Anderson-Daxling-Cram~r statistics) can be represented as (1) [2, 4]. The main goal of 
the present paper is to obtain upper bounds for the moments of ~n. 

Hereafter, we consider the more convenient form of generalized L-statistics as additive functionals 
of centered order statistics: 

}'1 

. := ~ h.~(X,,:~ - EX.:~ ). (2) 
i-----1 

T h e o r e m  1. Let the functions hni(X),i = 1 , . . . ,  n, in (2) satisfy the following condition: 

Ih.i(x)l < a.,i + b. , i l z l"  for some m >__ 1, (3) 

where an,i and bn,i are positive constants depending only on i and n. Then, for all r >_ 2, 

E [~ . l '  _< 2"-'A~ + 2"('+m)-2a~. ~ 

( " " )  (B", 
+c(~,m) r(~m + 1) X~ (r, -'TT : 7 ) ' '  + ( ~ T ~ - ? ) ~ ]  ' (4) 

i=1 i=1 
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where r(z)  := f o  P:-le-t dt is the gamma function, 

~ ~n -nj ( ~  (n -~B-n'i- i ) 2 )1 /2  ~7' s2/e B,~ : =  

i=1 j--i j=i i=1 

if  m > 2, and 

/3m := (n + I --i)2' 
i=l 

if  1 _< rn < 2; C(r, m) := 2r(l+m)-2(Krm) rm, with K an absolute positive constant. 

Consider the special case hal(Z) := z, i = 1 , . . .  ,n .  Then a,~,i = O, b.,i = 1, and m = 1. We infer 

from here that A.  = 0, B.,i = n + 1 - i, 81 = (Y'~k<_. l /k)  1/2, and the statistic r has the form 

n 

= - z x , ) ,  

i=1 

where )(1, .... , X ,  are independent identically distributed random variables having the exponential 
law with parameter 1. By the central limit theorem, we have, as n -* oo, 

EI@.I" = rtr/2s 1v/_ ff ~(Xii_..1 - SXi) "~ nd2Elrll" = - - ~ r  +._._~1 rtr/2 

where the random variable 7/has the standard Gaussian distribution. On the other hand, we obtain 
from (4): 

E[r r < 22r-2~1 + 22r-2KrrrF(r + 1)n + 22r-2K'r"n r/2. 

Taking the factorial rate of increase of the gamma function into account, we conclude that inequal- 
ity (4) is exact. 

Introduce the centered generalized L-statistic 

I t  / l  

r := ~ h.i(X.:i) - E h.i(EXn:i). (5) 
i=1 i=1 

The following assertion may be derived from Theorem 1 as an almost immediate corollary. 

T h e o r e m  2. Let the functions hni, i = 1,. . .  ,n, in (5) be differentiable and 

Ih'~(x)l  _< ~=,i  + ~=,~lxl s for s o m e  s _> i, (6) 

where an,i and ~n,i are some positive constants depending only on i and n. Then, for all r > 2, 

.1{ 
+P2 

On, 
i=1 (n -'[- 1 - i)2 

F(r + 1) E (nd 2BnL i) r + (n + 1 - / ) 2  
i=l i=1 

i=1 (n i)2 +P3 ~i=1 (,7 + 1 ~i) r (s+l)"  
(7) 
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where 
n 

s - 1  s B.i  := ~"~(a,.,,j + 2 n,,,sis), 
j=i 

J 
1 

Aj := EX.:j  = Z n + 1 - k ' 
k = l  

n n 

-- ~ A21(s+l) C.i := ~ ~.,j ,  C.i := L. .  ~--,i ' 
j=i y=i 

Pl := 23(r-1)(Klr)r,  P2 : -  2r(2s+l)-3(1 q- (K2r(s  + 1))r(s+l)), 

Pa := 2a(r-1)(K2r(s q- 1))"(s+l)r'(r(s + 1) + 1), 

with K1 and K2 some absolute posit ive constants. 

2. P r o o f  of  T h e o r e m  1. Define the random variables {rni; 1 < i < n} by the formula rni := 
Xn:i - Xn:i-1,  Xn:0 = 0. It is known [5] that  r r~l , . . . ,  rnn are independent and have the exponential 
distributions with the corresponding parameters: 

P(rni  > t) = e - (n+i- i ) t ,  i = 1 , . . . , n .  

Therefore, the order statistics X,:k are represented as the partial sums of the random variables: 

Xn:k = ~ Tni, 
i=1 

k =  1 , . . . , n .  

Consider the random process Sn(t) := ~'~i<.t+l rni, 0 < t < 1. Put Sn(t) := S n ( t ) - E S . ( t ) .  Then 
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3.(t) = ~ r (s) 
i = l  

where ~i(t) := (rni - E ' c n i ) I { ( i -  1)In g t}.  Define the function 

~. ( t , z )  := nh.i(z) for all t e [ ( i -  1)/n, i /n) ,  

Then the following equality holds: 
1 

@. = f ~.(t,~S.(t))dt. 
0 

It follows from (3) that, for all t E [ ( i -  1)/n, i /n)  and i =  1 , . . . , n ,  

i = 1 , . . . , n .  (9) 

(i0) 

I~.(t,  z)l = nth . i (z ) l  _< ,~a.,i + ,~b.,dzl m 

Thus, we obtain from (10) and (11) 

(11) 

n i/n 

i=l(i-1)/n 

n n i/n 

i=1 (t 

(na.,i + nbn,ilffn(t)lm)dt 

1 

,~b.~l~(t)l" dt = A,. + /I.~.(t)l".\(dt.)- A. + H._~. 11"'. 
o 

(12) 
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where A(dt) := q(t)dt with q(t):= nbn,i if ( i -  1)/n < t < i/n,  and I1" II is the standard norm in 
s  :=/~m([0, 1],A). Hence, 

E I .1 r _< 2 r-IA,  + 2"-~EIIg.II r" 

< 2r-lAr + 2"(x+'0-~EI IIS-II- EIIS-II I" + 2"(a+")-~(Ellff,~ll) " .  (13) 
It is proved in [6] that,  for independent centered rax~dom variables YI , . . . ,  Yn in a separable Banach 

space, the following inequality holds: 

El IIS.II- EIIS.II I' -< ( K t ) '  (~'~ EIl~ill'i=l i=l , t > 2, (14) 

where K is an absolute positive constant, S ,  := 2in__l 1~. 
We note that  ~ l ( t ) , . . .  ,~n(t) axe independent nonidentically distributed random variables with 

mean zero and values in the separable Banach space/~m. Thus, putt ing t = r m  in (14), we obtain 

El IIS-II- EIIS-II I "m -< (Krm) "m (~-~ EIl~,ll",=x 

By the definition of the norm in f-.m we have 

+ EIKill 2 �9 (15) 

(0J)" ( )" IKill k = I~i(t)tm,~(dt) = [rni - Emil k : q(t)dt  

i-1)/n 

= [rni -  Emil k bn,k = [rni-  Ernilk(Bn,i) k/m, i = 1 , . . . ,  n. 

Whence the relation follows: 

EII4~II k = (B.,i)k/mEIr.i - Er.il k, 
Setting k = 2 in (16), we obtain 

EII~III 2 = (Bn,i)2/mE(vni -- Erni) 2 - 

Now we est imate EII~It k for any k > 2: 

i = l , . . . , n .  (16) 

(B.,d2/" 
(n -{- 1 -- i)2" (17) 

O 0  

o 

1 I, n + l - i (n + l - i)e -(n+l-i)~ dx 

e(n + 1 - i )  k lulke -~ du = e(n + 1 - i?  U~e -y du + lul%-Ydu 
--1 --1 

( : ) - (B"'i)k/m r(k + t) + ?~" (B",dk/" 
- e ( - s 1 6 5  [ - ~)k d z  < e (n  + 1 - i)~(r(k + 1) + e) 

0 

(Bn,i) k/m 
_< F ( k +  1)(n + 1 - i) k" (ts) 
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Inserting (17) and (18) in (15) we deduce the estimate 

El I1,~.11- EIIS.II I"" 
n (Bn,i)r 

< (Krm) rm r ( r m  + 1) y ]  (n + 1 - i) rm 
i----1 

Assume that m > 2. Then 

+ 
k (n + l - i)2 ] ]"  (19) 

~ ] ] 2  I/=~lSC/(t) A(dt) =/k~__'l(k_lf)/nl,:~l~,(,,I ~(~,, 

/ . k/ .  k " k 

= { k ~ l  f E ( ' r n i - E ' r n i ) n b . , , d t  = bn,k E ( v n i -  Evni ) 
\ = (k-l)/. i=1 k=l i=1 

2 
K-" ~2/m 
~ "n,k ki=l (1"hi- Er.i) 

Whence it follows that 

2/m 
EIIS.II < (Ellff.ll2) 1/2 < b...k E E ( r n i -  Erni) 

k=l \i=1 

{' /) ~2/,n~ E ( T .  i Emi l2+2  E (r.i Er. i l (r . /  ET.j) 
k=l i=1 l<i<j<_k 

1,2/m X-" 1 "n,k 
= v.,k ~ (~ + i -  02 = (~ -7-f-  i)2 i=l k=i 

~=1 (,~ (- i - 0 2 -- ~"" 

1/2 

(20) 

Now we consider the case 1 _< m < 2. Using the HSlder inequality twice, we obtain the following 
estimate: 

+2  
i=l 

= E  

 )l,m / ) 
s ~i(t) ~(dt) <_ E ~i(t) A(dt) 
i=1 "= 

1 l \ 1/2 

/o ~(t)A(dt) l<_i<j<_nE / (i(t)(j(t)A(dt) ) 
s Bn,i ('r,,i - + Evni) 2 2 
i= 1 

Z B.,j (r,,i - Er.i)(r.j - E r . j ) ]  
] l~i<j<n 

i/2 

1/2 
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< E B.,~ (~.~ - E r . d  = + 2 ~ B. , i  (~.~ - E~.d (~-i - E~. j )  
i = I  l < i < i < n  

= Bn,i 
i=1 (n q[~-~ i)2 =/~m. (21) 

Inserting (19)-(21)in (13), we finally derive 

r - 1  r q_ 2r(l+ra)-21~rm l .l A. 
{ iln(Bn'i)r(n +~ " -  "~) r m  ( (Bn'i)2/m~rm/2 } ~ , ,  +2r(l+m)-2(Krm)"'n F(rm + I) ~ + - -  

U - '= i=1 

Theorem 1 is proved. 

3 .  
that 

fox 
i----1 

Proof  of Theorem 2. It follows from the Taylor formula with the integral type remainder 

We have from condition (6) 

(22) 

1 - / I~=1 - ~'~ IX=:~- EX=:il (~n,i q- P=:ilEX=:i + O(X==i - EX.:i)lS)dO 
i=1 0 

1 
1"1 

_ _ f 2s-1 t~ .A s s-1 < ~ IX.:/ EX,,:i[ (a.,i + ~n, ,  i q- 2 1~n,ilXn:i- EX.:i[~O ~) dO 
i=1 0 

n s--1 A s 2s-1 s = y~(a,~,i + 2 ~n,i i ) l X n : i -  EXn:il + ~ t~n,i[Xn:i- EXn:i[ s+l s + l  
i=1 i=1 

n 71 

<_ ~ (an,i + ,,gs-1/~t.,n,iA s~i) IXn:i - EXn.i[. + 2 s-2 ~ # n , i l X n : i  - EXn:il s+l �9 
i=1 i=1 

Put 

Then 

n 

R 1  y ] ~ ( a n , i  2 s - l ~  As"X EX..il, : =  5" Pn , i  i ) n:i --  . 
i=1 

n 

R= := ~ ~ . ,dX . : i -  EX=:il *+1. 
i= l  

EI~.I T _< 2r-'ER~ + 2r(s-')-XER~. 
Using Theorem 1 for R1 and R2, we obtain the inequalities 

ER~ < 22r-2 Bn{ 
i=1 ( n  + 1 - i)2' 

+2" -(Klr) ~ r ' ( r + l ) y "  ( n + l _ i ) r  + 
i=1 i=1 ( , l n  ~ i - i )  2 " 
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ERE _< 2 r(s+2)-2 

{ ( c-~'-' -- '~'('+w~ C~i s 21(~+11 

- (~ + 1 - i)~) 
i=1 i=1 

I , (25) 

where q :-- 2r(s+2)-2(I'(2r(8 + l))r(s+l). Since 2/(s -l- i) _< I, we have 02{ (s+l) _< C,i. Thus, 

C.i ~ r(s+l)/2 
ERE -< (2r(s+2)-2 + q) s (n + 1 - i)2] 

( ),s +qF r(s + I) + 1 (n + 1 _--'i)r(s+l)" (26) 

Relation (7) follows from (23), (24), and (26). Theorem 2 is proved. 
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