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MOMENT INEQUALITIES FOR GENERALIZED

L-STATISTICS!)
1. S. Borisov and E. A. Baklanov UDC 517.53

1. Introduction and statement of the main results. Denote by Xj,..., X, independent iden-
tically distributed random variables. We study statistics of the type

n
By =Y hoi(Xni), (1)
=1
where X,.; < -+- € Xu:n are the order statistics based on the sample {X;; ¢ < n} and hni : R - R,
:=1,...,n, are measurable functions. In particular, if ni(y) = cnih(y) and the function A(y) is
monotomc then ®,, represents the classical L-statistic.

Without loss of generality, we can assume that X; has the exponential dxstnbutlon with parame-
ter 1 because we can define an arbitrary sample {Y;;? < n} by the formula ¥; = G~1(F(X;)), where
F is the distribution function of X; and G™1(z) = inf{t : G(t) > z} is the quantile transform of
the distribution function of Y;. Since the superposition of the functions G~! and F is monotonic,
G Y F(Xn:1)) € -+« £ G7YF(Xn:n)) represent the order statistics based on the sample {Y¥;; i < n}.

Thus, n
Z hni(Yn:i) = Z Bni(Xnii)’

i=1 =1
where hini(z) := hai(G~1(F(z))). Choice of the exponential distribution is explained by the structure
of the corresponding order statistics (see Section 2). In particular, in [1] this property provided
asymptotic normality of the classical L-statistics.

The functionals (1) of this general form are called generalized L-statistics. For the first time, these
statistics were introduced in [2,3]. The Fourier analysis of distributions of ®, is contained in [4].
Note that the integral type statistics (integral functionals of the empirical distribution function; for
example, the Anderson-Darling-Crameér statistics) can be represented as (1) [2,4]. The main goal of
the present paper is to obtain upper bounds for the moments of @,,. ‘

Hereafter, we consider the more convenient form of generalized L-statistics as additive functionals
of centered order statistics:

n
611. = Z hni(Xn:i - EXu:i)- (2)
=1
Theorem 1. Let the functions hpi(z),t = 1,...,n, in (2) satisfy the following condition:
|hri(2)] < @n,i + bnjilz|™ for some m > 1, (3)

where an, ; and by ; are positive constants depending only on ¢ and n. Then, for all r > 2,

E l(-ﬁnlr < 2r—-1A;L + 2r(1+m)~25:nm

( 2/m rm/2
+C(r,m){ T(rm + 1) Z( +1n_l_z)1‘m (Z(n+1_z ) ’ (4)
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where I'(z) := [{° t*~le~!dt is the gamma function,

) ) i . . B, 1/2
An:=) ani, Buii=) buj, Bai=) b7, fm:= (Z (n+1- 1)2)

=] =t J=i
1/2
Z": Ba,i
(n+1-1)2
if1<m<?2; C(r,m):= 2'(1"'"‘)"2(1{rm)""‘, with K an absolute positive constant.

Consider the special case hni(z) :=z,i=1,...,n. Then an; =0, b,; =1, and m = 1. We infer
from here that A, =0, Bpi=n+1-1,f1 = (st" 1/k) 1/2, and the statistic ®, has the form

ifm > 2, and

a:-)n = i(xi - EXi)1

=1

where X),..., X, are independent identically distributed random variables having the exponential
law with parameter 1. By the central limit theorem, we have, as n — oo,

r r 2r/2 r+1 r
B = () v

where the random variable n has the standard Gaussian distribution. On the other hand, we obtain
from (4):

E|®,|" = n?E|—

Z(x EX;)

1«-1

E|8,|" <276 + 2" 2K+ T(r + 1)n + 22 2K r 0" /2,

Taking the factorial rate of increase of the gamma function into account, we conclude that inequal-
ity (4) is exact.
Introduce the centered generalized L-statistic

i:;mwm—;mw&ﬂ (5)

The following assertion may be derived from Theorem 1 as an almost immediate corollary.
Theorem 2. Let the functions hpi, t = 1,...,n, in (5) be differentiable and

|hhi(z)] < ani + Bn,ilz|® for some s > 1, (6)

where a, i and B, ; are some positive constants depending only on ¢ and n. Then, for all r > 2,
/2
T r—1
E|2." <8 (Z (n+1-—z) )
n n r/2
By Bl
th {F(TH)Z mri—ay (; CENEY

=1

n C," ) r(s+1)/2
‘ni
+p2 (;(n«{-l——i)?) +P3Z n+1-—1’(3+1) (

-~1
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where

. J
s— S :
By, = E (Oln,j +2 lﬂn,jAj)1 Ai = EX":j = Z nt+l-k
k=1

Jj=t
Cri = Z,Bn,ja Cai = Zﬂ2/(3+l)a
=t
p1:=280"D(K\r)", poi= 2'(2’+1)"3(1 + (Kar(s + 1))+,
p3 = 220D (Kor(s + 1)) CHID(r(s + 1) + 1),
with K| and K, some absolute positive constants.

2. Proof of Theorem 1. Define the random variables {mi;1 <1 < n} by the formula Tni 1=
Xn:i — Xn:i-1, Xn:0 = 0. It is known [5] that 7p1,..., Tay are mdependent and have the exponential
distributions with the corresponding parameters:

P(rgi >t) = (H1=0 51

Therefore, the order statistics X,,.x are represented as the partial sums of the random variables:

k
Xn:kzzTni, k=1,...,n.

1=1
Consider the random process Sa(t) 1= 3 ;cp411 Tnis 0 <t < 1. Put §n(t) := Sp(t) —ESn(t). Then

=Y &), (3)

=1
where &;(t) := (Tai — Emi)I{(i — 1)/n < t}. Define the function
©a(t, 2) == nhpi(z) forall t € [(i — 1)/n,i/n), i=1,...,n. (9)

Then the following equality holds:
1
3, = /cpn(t,gn(t))dt. (10)
0

It follows from (3) that, for all t € [(i — 1)/n,é/n) and : = 1,...,n,
6alts2)] = nllni(2)] < nn; + nbasle]™ (1)

Thus, we obtain from (10) and (11)

_i/m
1B, <> / (nan,i + nbai| Sa(t)|™) dt
=16 1)/n
L i/n 1
..Za,,,-{—z / nby i|Sa(t)|™ dt = .,,,+/ n()]A(dL) = Ay + 1S )™ (12)
=1 =1/ 0



where A(dt) := q(t)dt with g(t) := nbs; if (i = 1)/n <t < ifn, and || - || is the standard norm in
Lm = Ln([0,1], ). Hence,
E|8.] <24 + 27 E|| S,
<AL + 20| |5y~ BY Sl 7 4 2702 (B S, ). (13)

It is proved in [6] that, for independent centered random variables Y1, ..., Y,, in a separable Banach
space, the following inequality holds:

n n t/2
E[||Sall - EflSall ' < (K2)* (Z E[|%[° + (Z EIIYEHZ) ) y 122, (14)

=1 =1

where K is an absolute positive constant, Sp := Y V.
We note that £(2),...,&a(t) are independent nonidentically distributed random variables with
mean zero and values in the separable Banach space L. Thus, putting ¢ = rm in (14), we obtain

n n rm/2
E|||Sall - E|lSa]l ™ < (Krm)™ (Z Efj&]I™ + (Z EII&II’) ) : (15)

=1 1=1

@

By the definition of the norm in £,, we have

1 k/m

1 k/m
lléill* = ( / Ifi(t)i"‘/\(dt)) = [Tni — Erail* / q(t) dt
0

i—1)/n

n k/m ’
= ITni - ETni‘k (z bn,k) = ITm' - ETm"k(Bn,i)k/m, t=1,...,n.
k=i

Whence the relation follows:
Ef&i||* = (Bni)*/™E|ri — Erilt, i=1,...,n. (16)
Setting k = 2 in (16), we obtain

(Bn,i)zlm

BIgI” = (Ba,)/™B(rai ~ Bras)? = £ ot

(17)

Now we estimate E||&;||* for any k > 2:

k

T — (n+1—i)e~(rt1=iz gy

E|J&]* = (Ba)/™ /
0

n+1-—:

Bai™ T oy B (Fofa
=M/Iyleydy=m /ye”dy+/|y|e"’dy
-1 0 -1

Nk/m p [)E/m
_ e((nBrl)_i)k (P(H 1)+/zkezdz) < g(%%‘:;r(r(k“L 1) +e)
0

(Bn,i)k/m

S
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Inserting (17) and (18) in (15) we deduce the estimate

E|[|Sall — E[|Sall ™

(an 2/rn rm/f2
< (Krm)™ ’m‘“)Z( +1—d) (Z(n+1—z ) . 1)

Assume that m > 2. Then

1

CA ( /
0

n k/n

2.

k=1 _1)/n

2/m

m) 2/m

Zf,

=1

m 2/m n k/n
Adt) Z/ Zg, A(dt)

k l(k 1)/11 l—

2/m

E m
) (7ai = E7ai)| nbn dt (Z bok

1=1

Z(Tm - ETm

1=1

n k 2
< Z bi/,:n (Z(Tni - Erng)) .
k=1 =1
Whence it follows that

o\ 1/2
E||5all < (BlISa1%)Y? < (sz’”‘ (Z Tm-—Erm-)))

1=1

1/2
(Z bz/m {Z Tni - ETni)2 +2 Z (Tﬂi - ETni)(T"j - ETnj) })

i=1 1<i<j<k

1/2 2/m 1/2
/m
(sz Z(n+1_z)z) (ZZ(n_{_l_z)z)

1=1 k=:

1/2
(Z (n+1—-z ) = P (20)

Now we consider the case 1 < m < 2. Using the Holder inequality twice, we obtain the following

estimate:
I/m 1/2
E||S.|| = E ( / dt)) <E ( / (Zg, t)) A(dt) )

. 1/2
= (Z/fzz A(dt) +2 Z /f: §Jt)’\dt)

1=1 0 1<i<j<n 0

=1 1<i<y<n

1/2
(Z an (Tni — ETm Z B, W (Tni — ETni) (Tnj ETIU ))

419



i=1 1<i<j<n

n B . 1/2
- (Sarry) - @

1=1

) 1/2
< (E (Z Bui(tai ~Ermi)’ +2 ) Bnj(Tni = Erni) (Taj ~ Er,,,-)))

Inserting (19)~(21) in (13), we finally derive

E |6n|r < QT—IA; + 2r(l+m)—2ﬂ,rnm

r(14m)— rm - (Bn,i)r . (Bn,i)2/m ™
or(tm)=2( gy {I‘(rm+1)§m+ (ZM) .

1=1

Theorem 1 is proved.

3. Proof of Theorem 2. It follows from the Taylor formula with the integral type remainder
that

n 1
B = > (Xni — EXni) /0 B (B X i + 0(Xnsi — EXnit)) d. (22)
=1 :

We have from condition (6)

1
|Ba] < [ Xn:i — EXanil / (ani + Bn il EXnii + 6(Xni — BXn:i)l|*) df
1]

i=1

n 1
< Z |Xn:i - EXn:il /(an,i + 23—1ﬂn,iAf + 2s-lﬁn,ian:i - EXn:ilses) dé
0

=1
n : 23___1 n +1
= ] 8= iA] j — i . A |8
= ;(an,l + 2 .Hn,xA,)|Xn:t EXnﬂl + S + 1 ; ,Bn’;an;g EXn:tl
n n
<Y (ani + 2°7 BniAl) | Xni — EXal + 2277 3 BailXui — EXuil*.
i=1 =1
Put . )
Ry := Z(an,; + 2718, iAD)| Xnii — EXpiil, Ra:= Z Bril Xnsi — EX,.i|**.
=1 i=1
Then 5
E|®,]" < 277'ER] +2/¢~V-'ER;. (23)

Using Theorem 1 for R; and Ry, we obtain the inequalities

n B.. /2
r 2r—2 ni
ERi <2 (Z(n+1—-i)2)

=1
n r' n B-) T/2
A2 Hr) SN )Y et (Z m) : (24}
i=1 i=1
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n G- r(s+1)/2
ER; < 27(+2)-2 (Z (n+ - i)2>

=1
r(s+1)/2
n cr. n g2+
+Q{F(r(s+1)+l) Z;(n+1—i)r(s+l) + (z; EFSEny , (25)

where ¢ := 276+2)=2(Kor(s +1))"(+). Since 2/(s + 1) < 1, we have C,Zul(’“) < Cui. Thus,

n = r(s+1)/2
ER] < (2T(3+2)—2 + q) Z Chi
£ o (1)

r

+qT(r(s +1) +1) Zl T __n::)r(s+l)' (26)

Relation (7) follows from (23), (24), and (26). Theorem 2 is proved.
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