07/02/2020 - High-dimensional probability. An Introduction
with applications in Data Science (Vershynin R.)

Ha cemunape mbl oOcynuin ciydaiiible BeJIMYUMHBI ¢ TOHKIMU XBOCTaMHU Pac-
npeJieJIeHus.

Onpenenenne 1. Cayuatinaa eesuvuna X umeem pacnpedesenue ¢ MOHKUM
xeocmom (X € LT ), ecau

P(1X] > 1) < 2exp{—t/K:}.

ameuanue 1. Asmop nasvieaem maxue cAyUatinvle GEAUNUHDL CYOIKCNOHEHUU-
AAOHDLMU, YN0 UJEm 8PA3PE3 € YCMOABUUMCA U OOWENDUHAMBIM ONPEIECNEHUEM
CYOIKCNOHEHUUAALHO20 pacnpedesenus (66edeno Hucmarosum B. I1. 6 1964 20-
dy 6 pabome "Teopema 0 CYMMAT HE3ABUCUMDBIT NOAOAHCUMENOHDIL CAYIATHHLT
BENUMUH, U €€ NPUAONHCEHUA K BEMBAUUMCA CAYUGTHbM npoyeccam”).

Vzydenne ciydaiiHbIX BeJIMInH 13 Kiaacca LT 00yC/IOBICHO BayKHOCTBIO JIJId
PA3JIMIHBIX [TPUJIOYKEHU T HepaBEeHCTB KOHIIEHTPAITUH JIJIT €BKJIUJIOBOIT HOPMBbI TayC-
COBCKHUX BEKTOPOB.

Mbr oipo6HO 06CY I TEOpeMy O XapaKTepHbIX cBojicTBax Kiaacca LT (ana-
JIOTUIHYTO TEOPEMe O CBOHCTBAX CyOrayCCOBCKUX CJIYUANHBIX BEJIMUNH).

Teopema 1. Let X be a random wvariable. Then the following properties are
equivalent.

1. The tails of X satisfy
P(|X| >t) < 2exp{—t/K:}
forallt > 0.
2. The moments of X satisfy

IX|r = (BIX[P)? < Kop  for all p > 1.

3. The MGF of | X| satisfies
Eexp(A|X]) < exp (K3))
for all X such that 0 < A < 1/Kj3.
4. The MGF of | X| is bounded at some point, namely
Eexp (| X|/Ky) <2

Moreover, if EX = 0 then properties (i) — (iv) are also equivalent to the
following property.



5. The MGF of X satisfies
Eexp(AX) < exp (Ki)\?)
for all X such that |\| < 1/Kj

The parameters K; > 0 appearing in these properties differ from each other by at
most an absolute constant factor.

Sameuanue 2. Fue pas obcydusu abcorrommyro xoncmarnmy Cy > 1, xomopas
ceasveaem snavenus K1 — Ky. Ipednoaosicenue o mom, 4wmo oHG HE 3a6UCUM.
om pacnpedeserus X 6vieasdum npasdonododHbiM.

JlokazaTe/IbCTBO TeopeMbl He 00CYXKJaJii, T.K. OHO aHaJIOTMYHO J0KA3aTe /b
CTBY TE€OPEMBI JIjIsI CyOrayCCOBCKUX CJIyUaflHbIX BEJIUYINH.
aJsiee, mbl BBestn HOpMY Opiimda

1X Ly, = inf{t > 0: Eexp(|X|/t) < 2}

JUISE CJIYYaHBIX BeJIUIUH 13 Kjaacca LT m obcynuim ciaeayomnue yTBEePK ICHIs
00 MX CBSA3M C CYyOrayCCOBCKUMMU:

VYrBepxkgenune 1. (LT is subgaussian squared) A random variable X is subgaussian
if and only if X? € LT. Moreover,

1L, = 1T,

Yrepxkaenue 2. (The product of subgaussians is LT) Let X and Y be subgaussian
random variables. Then XY € LT. Moreover,

XY gy < IX N [[Y

3areM, Mbl pACCMOTPE/IN HEPABEHCTBA KOHIICHTPAIIUN JIJIsT CyMM HE3aBUCHMbBIX
CIAyYaifHbIX BeTmInH 13 Kiacca LT — nepaBencTBa bepnmireitna.

Teopewma 2. (Bernstein’s inequality) Let Xy, ..., Xy € LT be independent mean-
zero random variables. Then, for every t > 0, we have

P >+\ <9 ' t* t
= < zZzexXp | —cmin ,
SN 1G5, T max 1 X,

where ¢ > 0 s an absolute constant.
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B gacrHom ciyuae a; = 1/N nosyuaem HepaBeHCTBO BepHinreiina st cpeji-
HIX.



CaencrBue 1. (Bernstein’s inequality) Let Xi,..., Xy € LT be independent
mean-zero random variables. Then, for every t > 0, we have

1 & 2t
P{N;Xi >t} < 2exp (—cmin (ﬁ’?) N)

where K = max; || X[,
OcrapBinasgcs: 9acTh ceMuHapa OblLila MOCBdAIIEeHa pelleHnio 3a1a4dn 2.7.3.

Bamada. Consider the class of distributions whose tail decay is of the type exp (—ct®)
or faster. Here oo = 2 corresponds to subgaussian distributions and oo =1 to LT.
State and prove a version of Theorem 1 for such distributions.



