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Ha cemunape obcy:KIa/uCh CiaydailiHbie BEJIMUNHBI C CyOTayCCOBCKUM pPacIipeie-
JIEHHEeM U UX pa3judHble CBoiicTBa. B gacTHOCTH OBLIN pa300paHbl MHOIHTE MOMEHTHI
JIOKa3aTeJbCTBA CJICIYIONIErO MPeIJIOKeHUS:

Theorem 4. (Sub-gaussian properties) Let X be a random variable. Then the
following properties are equivalent; the parameters K; > 0 appearing in these
properties differ from each other by at most an absolute constant factor.

e The tails of X satisfy

P{|X| >t} <2exp (—t*/K}) forallt>0

e The moments of X satisfy
X1, = (E’X‘p)l/P < Kj/p foralp>1

e The MGF of X? is finite at some point, namely
Eexp (X?/K3) <2

Moreover, if EX = 0 then properties 1 — 3 are also equivalent to the following
one.

e The MGF of X satisfies
Eexp(AX) <exp (\’K;) forall \eR

3aMeuaHne: omHEM H3 CaMbIX 3aTPYIHHTENbHBIX MOMEHTOB, KOTOPBIH BHEC
HEKOTOPYIO IyTaHUILY, ObLI MOMEHT PO abCOMIOTHYI0 KOHCTaHTy C'* > 1, CBA3BIBA-
foryto 3Hadenust K- K. Ecthb npeanosioxKenne, 9To OHa He 3aBUCUT OT PacIipejiesie-
HUS U 103BoJger npu dukcannn K, cka3arb, uro K; € Kl[é, Cx], mpu i = 2, 3, 4.
Ha ocroBe JaHHBIX CBOHCTB OBblL1a BBEIEeHA HOPMA:

X ||y, = inf{t > 0: Eexp(X?/t*) < 2}.

Sameuanne: s MuCTHYECKON JIBOMKH CTPOroro oOOCHOBaHMSA He OBLIO HafiaeHo.
Tem ne MeHee 9Ta IBOITKa MO3BOJISIET MOJIYYaATh IEPBOE CBOMCTBO MOCIETHEN TEOPEMBI
U3 TpeTbero 0e3 U3MEeHeHUus KOHCTAHT.

Bhiia ymomMsiayTa ¢Bsi3b ¢ ipocrpancrBamu Opanya ¢ dyuknueit Opanaa ¢(z) =
exp(xQ) — 1. B ¢B43u ¢ 3TUM MBI OOCYJIMJIE HJICIO JIOKA3ATEILCTBA TOIO, YTO YIIOMS-
HYTasd HOPMAa SBJIAETCA HOPMO.

Hakomer, 66111 00CY2KIEHBI CJIEIYIONINE YTBEPIKICHUS:



Theorem 5. (Sums of independent sub-gaussians) Let X7,..., Xy be independent,
mean zero, sub-gaussian random variables. Then Zi\; X, is also a sub-gaussian

random variable, and

N 2

>

i=1

N
2
<C Xl
P2 i=1
where C' is an absolute constant.

Theorem 6. (General Hoeffding’s inequality) Let Xi,..., Xx be independent, mean
zero, sub-gaussian random variables. Then, for every ¢t > 0, we have
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Kaxk cioresictBue mocsegHero Mbl MOJTYYHIH KJacce cyOraycCOBCKHUX pacpe/iese-
HUIl SKBUBAJEHTEH KJIACCY pACIpeeeHnil, /IJisi KOTOPHIX BHIIOJTHEHO HEPABEHCTBO
Xédunra.
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